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Abstract

The mathematicabasisfor biaslinearizationof quadraticmagneticactuatorsastypified by magnetic
bearingsjs developed.The approactgeneralizeprior ad—hocmethodof linearizingthe relationshipbe-
tweenactuatorforceandelectromagneturrent,obviating the earlierassumptionsf statorsymmetry This
relationshipis fundamentallyquadraticin the regime wherethe magneticmaterialis unsaturateéndflux
is essentiallyproportionalto magnetcurrent.Growing from the propertiesof a fundamentatepresentation
for the current—forceelationshipsn magneticbearingsconditionsaredeterminecdunderwhich lineariza-
tion may be possible.A numericaloptimizationproblemis posedwhosesolutionprovidesa linearization
schemewhich maximizesthe available force capacityof the actuator A corollary resultis a methodfor
obtainingcoil-faulttolerancen magnetidearingsvithoutaddingcoils to existing actuators Severalpaper
examplesare presentedo illustrate linearizationof asymmetricactuatorsactuatorswith failed coils, and
force/momengctuators.

1 Introduction

Corventionalradialmagnetidoearingemploy amagneticstatorwith amultiplicity of radiallegssurrounding
amagneticallypermeableotor. Electromagnetoils arewoundon someor all of the statorlegs andforces
are exertedon the rotor by passingcurrentsthroughthesecoils. By suitably controlling the coil currents,
a radial force of a prescribedmagnitudeand orientationcan be appliedto the rotor. The currentcontrol

is determinedn respons&o measuredotor motionin orderto achieve stablerotor supportwith appropriate
dynamicpropertied1]. Thus,thebearings afeedbacldevice consistingof arotormotionsensoramagnetic
forceactuatoranda controllerwhich regulatesthe coil currentsin responséo the sensednotion.

Most commerciakadialmagnetichearingshave atleasteightlegsin the statorandat leastfour indepen-
dentcoils. (In mary casesgollectionsof neighboringcoils arewired in series.In this work, a collectionof
coilswoundin serieswould beconsideredo bedependent.Y hismeanghatthenumberof independentoils
in the statorsubstantiallyexceedghe numberof force componentsvhich areto be generatequsuallytwo).

As will be developedin the presentwork, the relationshipbetweenthesecoil currentsandthe resulting
forcecomponentss fairly easilydeterminedy analysis:

|1,|2,...,|n:>F1,F2,...,Fp . p<n

but theinverserelationship:
F17F27,ij Il,lz,...,ln

is not only difficult to find but is not unique. For the purposef designingthe feedbackcontrol, this latter
relationshipis crucial sincethe generaldynamic problemrelatesthe bearingforcesto the rotor motion;
ideally, thecharacteof the magneticdevice shouldnot enterdirectly into the designof the controllet

The reasonthat this inverserelationshipis nonuniqueand so difficult to find is that the forcesin the
bearingare,fundamentallyquadraticin the coil currents,aslong asthe bearingstatoriron is unsaturated.
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Nomenclature

A Polefacearea. ) )
) M Separatiommatrix.
A Polefaceareamatrix.
] n Numberof poles.
B Scalarflux density )
- N Coil turns.
B Flux densitiesvector S )
. N Coil windinginfluencematrix.
B Vectorflux density
o p Numberof forcecomponents.
c Forcecoeficient vector
] ) R Reluctance.
D Air gapenegy matrix. .
o R Reluctanceamatrix.
Dj Derivative of D w.r.t. X;. ) _
o \ Current-to-fluxdensitymatrix.
E Magneticfield enegy. ) o .
W Linearizationmatrix.
F Actuatorforce. .
] X Current-to-forcematrix.
g Air gaplength. o o )
. A Stepsizein numericaliteration.
| Coil current. o o
. C Biasingcoeficient.
| Coil currentvector . ) )
) 0 Angular orientationof pole centerline.
J CostfunctiononW. . )
) ) ) © Forceorientation.
K Coil currentextrapolationmatrix. ) B
. 1 Magneticpermeability
L Backiron pathlength. )
) ) (0] Magneticflux.
L Mutualinductancematrix.
O] Flux vector
m Numberof controlledcurrents.

Thisquadratiaelationshigformsthefocusof this paper As will bedemonstratedpr moststatorgeometries,
a basisfor the currentscanbe chosernso thatthe variousbearingforce componentarerelatedliinearly to a
setof controlforcerequestermsandscaledby a biasingterm.

A corollaryresultof the presentwork is thatthis excessnumberof controlling coils providesan oppor
tunity for fault tolerance.lf oneor evenseveralof the coils fail, a new relationshipcanbe developedwhich
will permitthe controllerto still provide the samebearingdynamicpropertiegshatwereprovidedwith afull
complemenbf operatingcoils. Conceptuallythekey propertypermittingbearingoperationwith oneor more
coilsfailedis thatthecoilsin atypical magnetidearingstatorarestronglycoupled:eachcoil affectstheflux
in all of theair gaps.This couplingpermitsothercoilsin thestatorto assumeheresponsibilitieof thefailed
coils.

While accuratestatisticsconcerningailure mechanism commerciaimagneticdbearingsystemsarenot
yet available,anecdotafield accountsndicatethat coil, amplifier, or power wiring failuresarea significant
concern.Any of thesethreefailuresproducesssentiallythe sameresult: lossof currentin a particularcoil
circuit. Sincecommercialmagneticbearingsystemsalways implementcoil currentsensing,this kind of
failureis quite easyto detect.

The problemof determininga suitablesetof controlcurrentscannotberesolhedsimply by usingpseudo-
inversemethodsbecausehe relationshipbetweencoil currentsandforce componentss quadratic.Instead,
thecoil currentsareselecteceitherby a nonlinearoptimalrule or by alinear, suboptimalule which permits
a simplerinteractionwith the controller While not all stator/coilconfigurationswill permitalinearrule for
selectingcoil currentsmary statorsconfigurationcanbelinearized.

Attractive magneticbearingsare linearizedby imposinga biasingcurrentin eachcoil which produces
a magneticstressbut no netforce at an equilibrium position. Although the currentto force relationshipis
guadratic biasandcontrol currentsarechosensothatall second-ordecontrol currenttermsareidentically
zeroat the equilibrium point. Whenthe biascurrentmagnitudesreheld constantthe relationshipbetween
controlcurrentandbearingforcerelationships linear A detaileddescriptionof the biaslinearizationprinci-
ple canbefoundin [2].

Bias linearizationis widely usedin a numberof magneticdevicesfrom radial magneticbearingsto six



Figurel: Typical bearingarrangement

degree-of-freedomactuators(for example,[3] - [12]). Theseapplicationsemplogy symmetricgeometries
wherethe determinationof a permissiblesetof linearizing currentsproceedsy inspection. However, the
previous work hasnot beenextendedto the generalproblem,particularlywherecoil failuresproducesub-
stantialasymmetryin the stator

The presentvork exploresthe mannerin which n coil currentsshouldbe selectedo provide the desired
force componentsA generalrepresentations developedthatallows for arbitrarily complex geometriesin
statorswhich permitlinearization,an optimal coil currentmap canbe determinedwhich relatesthe n caoil
currentsto the desiredforce componentsn termsof a biasvectorandcontrol vectorswhich determinesach
of the applicableorthogonalcomponentf force and torque. Methodsof determiningan optimal set of
currentsareconsidered.

2 Modd

Assumingnegligible eddycurrenteffectsandalinearflux densityto field intensityrelationshipwith negligi-
ble hysteresieffects,a magnetostatianalysiscanbe employed. If lossesrom flux leakageandfringing are
alsoassumedegligible, theapplicablemagnetostatifield equationdecomeonedimensional Flux andfield
intensityat any pointin the bearingcanthenbe solved by circuit theory[13]. An analysisof the magnetic
circuitsin thebearingyieldsafairly simplequadratiaelationshipbetweercoil currentsandresultingforces.

An n pole magneticbearing(as exemplifiedby Fig. 1) is characterizedy ®;, Nij, @j, Aj, and©; for
j = 1...n, thereluctancemagnetomotie force contribution, flux, pole facearea,andorientationanglere-
spectvely for eachpole. Consideringhat steelor iron hasa relative permeabilityof greaterthan 1000, the
reluctance®sf all metalpartsof theflux pathareneglectedvirtually all of thecircuit reluctances dueto the
air gapassociateavith eachpole. Positve fluxesaredirectedout of the statorpolesinto therotor by the sign
corventionfor this model. Positive coil currentspasscounterclockwisearoundthe statorpoleswhenview-
ing the pole endfrom the gap. It is assumedhatthe only sourcesof magneticexcitationin the bearingare
thecoilswoundon eachpole. This assumptiorspecificallyexcludesbearingsemploying permaneninagnets
from this analysis.An equivalentelectricalcircuit, usefulin understandinghe developmenf thegoverning
magneticequationsappearsn Figure?2.

Theapplicationof Amperesloop law to the magneticcircuit resultsin n — 1 independenéquations:

R @ — Rj+1@j+1 = Njij —Njj1ijs1 1)



Figure2: Equivalentelectricalcircuit

wherethereluctancef the jt" gapis

R = —x 2

> ¢ =0 @)

Arrangingtheseequationsn matrix form produces

R —-R O 0 N, —N, O 0
0 R R : 0 N —Ng . :

Lo e o |®P= |+ o | “)
0 0 Roo1 — R 0 0 Npo1 —Np

1 1 - 1 1 o 0 - 0 0

This matrix relationshipis representedhoresuccinctlyby

R® = NI (5)
whereR caneasilybe shovn to be nonsingularDenote

L=RIN (6)

®=LI (7)

whereL is the matrix of inductancedbetweerthedifferentcoilsin thebearing.
Assuminguniformflux densityin theair gap,flux @; is relatedto flux densityB; by ¢; = BjA;. In matrix
form, this relationshipis
® = BA ®)

whereA is a diagonalmatrix of polefaceareasRe-arrangingndsubstitutingfrom (6) and(7),

B=A]RINI=VI,V=ATIRIN (9)



Notefrom (4) thatthe matrix N hasa nullity of 1. Consequentlyoneof the currentsin | is redundantf each
leg hasanindependentoil.

Forcesproducedby the bearingcanbe computedby variationsof the enegy storedin the systemor by
Maxwell’'s stresstensor Assuminglinear materialsthe enegy storedin a magneticfield is definedin the
generakaseas

E:/iq;-cgdv (10)
2oMr
where B is three dimensionalflux densityand the integral is taken over all space. In the presentone-
dimensionahnalysistheonly components B alongthepathdirection. Dueto theassumptionsf noleakage
andzeroreluctanceof the metalsectionsof the path,all of theenegy is storedin theair gaps:

n
9i (¥)Aj 42
E=Y L1 0pe (11)
le Ao
Theenegy canbewrittenin vectorform as
E=B'DB = "V D(x)VI (12)

whereD(x) is a diagonalmatrix with the j!" entryequalto gj(x)A;/(2). Notethatthegj(x) arethemean
air gaplengthsasfunctionsof x, avectorof coordinatespecifyingtherotor’s position. Coordinatex, x; and
x3 might be associatedvith translationsalongthe X,Y andZ axesthatdefinesomefixed coordinatesystem,
whereas, x5 andxg might be associatedavith infinitesimalrotationsaboutthe X, Y andZ axesrespectiely.

Forceis definedas
oE

Fi=—=— =—-1TVTDyVI 13

j o j (13)

whereD; denotesg%. In the particularcaseof radial magneticbearingsthe only force componentsarein
theX andY directions(seeFigurel). MatricesDy andDy canthenbeexplicitly definedas

Dy = oliag[L ;S:ej} , Dy = diag[L ;&:ej} (14)

whered; is theangularpositionof the centerlineof the jth statorleg.
If oneor moreof the coils is missingor hasfailed (N;ij = 0), then (13) still applies. The matrix K is
introducedo relatethe reducedrdercurrentvectorof dimensionrmto thefull currentvector:

| =KIi (15)

Matrix K is simply the identity matrix with columnsremoved correspondindo eachfailed or missingcoil.
Substitutingnto (13), R N,
Fj = —ITKTVTDjVKI = 17Xl (16)

Matrix K canalsobe usedto indicatecoilswiredin series.In this casethevectorof coil currentscanbe
representedsthe productof a matrix timesa vectorof independentoil currents.For instanceassumehat

coils 1 and2 arewoundin reverseseries(l, = —13). TheK reflectingthis couplingwould be
1 0 0
-1 0
K=| 0 1
0 0 - 1

It is worth noting that VTDJ-V hasa null spaceof dimensionl. This singularity can be removed by
defininga K with n— 1 columnswhosecolumnsspantherow spaceof N. This transformatiorcanbe useful
for reducingthe dimensionf the searchspacevhennumericallysearchindor linearizingcurrents.



Figure3: Asymmetricbearing.

Leg | © Area | Turns | Gap
Q° A N Jo
70° | 2A | 2N Jo
1258 | 2A | 3N Jo
16C° | A 2N Jo
240 | A N Jo
31° | 2A | 2N Jo

OO, WN PP

Tablel: Asymmetrichbearingparameters.

21 Examplel

In the past,the problemof determiningbiasandcontrol currentswasonly consideredor symmetriccases.
Undertheseconditions the properlinearizingcurrentsareobtainedby inspection However, whensymmetry
is lost, the determinatiorof the propercurrentsis no longeratrivial problem. Take for examplethe bearing
picturedin Figure3. The geometryof this bearingis describedn Table2.1, whereA = 1cn?, go = 1mm
andN = 200. The unusualasymmetryof this exampleis intendedonly to emphasizehe generalityof the
result: suchasymmetrywould seldombe encounteredh practice.The pointto this exampleis thatthe usual
assumptiongoncerningsymmetryare not needed- a resultwhich is particularly usefulin permittingthe
faulttolerancealludedto in theintroduction.

Thereluctanceof eachair gapis determinedy (2). Substitutingthereluctances
into (4) gives:

1. 05 0 0 0 O 1. -2 0 0 0 O
0. 05 -05 0. 0 O 00 2 -3 0 0 o
% [0 0. 05 -1 o0 O |, |0 O 3 -2 o0 O
WwAlo. oo o 1 -1 o |®No o o 2 -1 ol @
00 00 0 0 1 -05 oo 0. 0 0 1 -2
L 1 1L 1 1 1 00 0. 0 0 0 o



Re-arrangingccordingo (9), thecurrentto flux densityrelationships:

8 -4 -6 -2 -1 -4
-1 14 -6 -2 -1 -4
g MN -1 —4 21 2 -1 —4

%0 | 1 4 6 16 1 4 (18)
-1 -4 -6 -2 8 -4
-1 -4 -6 -2 -1 14
This exampleis aradialmagneticdbearing;therefore Dy andDy canbe obtaineddirectly from (14):
Dy = %diag[l., 0.6840 —1.1472 —0.9397, —0.5,1.2856] (19)
Dy = %diag[o, 1.87941.63830.342Q —0.8660, —1.5321] (20)

Becausghis statorhasanindependentoil on eachleg, onecoil will beredundantmatricesXy andXy
will bothbe singular This singularitycanbe removedwith a suitableK matrix. The K matrix shouldhave
columnsorthogonalto the null spaceof V. This null spacerepresents vectorof currentsthat produceso
flux throughthe gaps.WhenK is chosernorthogonalto this spacea givenflux distribution is thenrealized
with theleastpossiblepower dissipationsinceall portionsof the currentare contributing to producingflux.
Onesuchmatrix, derivedby Gram—Schmidbrthogonalizatiorj7] of theN matrix, is

0.447214 0.255551 0.337645 0.487556 0.182932
—0.894427 0.127775 0.168823 0.243778 0.0914661
0 —0.958315 0.112548 0.162519 0.0609774

K= 0. 0. —0.919145 0.243778 0.0914661 (21)
0. 0. 0. —0.785507 0.182932
0. 0. 0. 0. —0.95531

Notethatthe choiceof this particularmatrix is somavhatarbitrary Any otherK whosecolumnslie perpen-
dicularto the null spaceof V would give the samepower-minimizing properties.
Theforce-currentelationshipsarespecifiecby (16) as:

476291 1.86545 0.982752 —-0.39535 —-3.1050

186545 —128818 598511 248731 0.861901

0.982752 598511 —7.66686 1.20272 2.12645 (22)
—0.39535 248731 1.20272 —1.19631 1.73146
—3.10502 0.861901 2.12645 1.73146 8.07567

Xx

9.68133 —9.82788 —2.48384 —-0.17467 —0.53254
—9.82788 23695 —295479 0.426301 0.464081

Xy=| —248384 295479 39606 0.443748 0.816525 (23)
—0.17467 0.426301 0.443748 —1.89139 0.672773
—0.532549 0.464081 0.816525 0.672773 —8.58099

3 Linearization

Equation(16) shavs thattherelationshipbetweerthereducecrdercurrentvectorl andtheforcesproduced
is quadmatic. In generalthe bearingmustbe ableto generatdorcesin an arbitrary direction. All of the
F; mustthereforebe independentf one another and eachforce shouldbe able to be generatedvith an
arbitrary sign. The latter conditionis relatively easyto establishby simply examiningthe definitenesof

the symmetricmatricesX;. If ary of thesematricesis either semi-definiteor negative semi-definite the

correspondinguadratigoroductwill alwaysbeeithernon-neyativeor non-positve. An arbitraryforcecannot
thenberealized.In ary casetheactuatorfallsinto oneof two categories:



1. ThematricesX; areall indefiniteandthereexist asetof n x m matricesfor | which permitindependent
linearizations:

Fj = coCj (1)1 X1 (24)

2. Theactuatorcannotbe linearizedasin casel, but aregion of all possibleforce configurationscanbe
reachedy asuitablechoiceof I.

In case?, suitability of the actuatordependsiponwhetherthe rangeof forcesrequiredof the actuatoris
containedn theregion dictatedby the joint propertieof thematricesX;. In casel, while ary desiredforce
canbegeneratedhecurrentsor statorflux distributionsrequirecdto realizesomeforcesmaybeunacceptable.

If all of the X areindefinite,thentheremay exist matricesW sothat

Co
A C1
f=w{ YV —we (25)
Cm
FJ = TWTXJWC = CoCj (26)

In matrix form, the desiredresultin (26) canbe written asa setof j matricesof dimensions(p+ 1) x
(p+ 1) wherep is the numberof force componentgroducedoy the bearing.

WTX{W = M; ji=1...p (27)

ThematricesM for j = 1... p arezeroexceptfor entriesof % inthe[1,j + 1] and[j 4 1,1] positions.This
form implies that the first columnof W is the biasingcurrentvector andthe j + 1 columnis the control
currentvectorfor the j" forcecomponent.

If aW is foundthatgeneratesnatricesM j, eachforce maythenbe controlledindependentlyoy holding
themagnitudeof the biasparameterc, constantvhile varyingthe p controlvariablescy, ..., cp. Theinverse
current-to-forceelationshipthatpermitslinearbearingforce controlis then

ca
1 F

| = —KW{ (28)
CO .

Fo
SincematricesX arecreatedvithoutrestrictionson bearinggeometryor onthenumberof forcecompo-
nents;equation(27) is thereforea generalstatemenof the bias-linearizatiorproblemfor magneticbearings.
Any matrix satisfying(27) will permitindependentinearcontroloverthe orthogonaforce componentgro-
ducedby a givenbearingvia the currentsspecifiecby (28).
It is importantto notethat, while the specificchoiceof M is somavhatarbitrary solutionsW to other
selectedight-handmatricesproviding the samepropertyof independeniinearizationwill berelatedto solu-

tionsto the presenproblemby a simpleright transformatiorinvolving columnswappingand/orscaling.For
the propertyof independenlinearization the matricesM ; mustsatisfy:

e symmetric

e zeroonthemaindiagonal

e only 1 off-diagonalelementis non-zero

¢ the Schurproductof ary two matricesM;, M is zerofor ary i # j.

A closed-formsolution of (27) is not known. At presentlinearizing matricesmay only be obtained
numerically Severalapproacheto this numericalproblemarediscussedn the Appendix.



3.1 Example 1 (continued)

The principle of independentinearizationcanbe demonstratedisingthe previously developedExamplel.
Thebearingwill belinearizedif therecanbefounda5 x 3 matrix W suchthat(27) is satisfied:

0

WTX,W = = My (29)

onNik O
O ONI-
o o

0
0
0 0

[@] 1[0

WTX W = =My (30)

N, O O

A suitablelinearizingsetof currentss thenobtainableghrougha numericalsearch For example,

0.136293 —0.314259 0.610881
0.205067 —0.0433335 0.233348
W= | 0461968 —0.409403 0.67415 (31)
0.697068 0.261145 —0.475498
—0.0278216 0.227161 —0.15871

is onelinearizingsolutionsatisfying(29) and(30). Thefirst columnof (31)is thebiasingcurrentvector The
secondandthird columnsrepresenthe X — andY — directioncontrolvectorsrespectiely. Thephysicalcoil
currentsarethenspecifiedby (28).

l1 = 0.6041c,—0.121CF,/cp+ 0.2996,/Cy

I 0.1497c, + 0.2909F /¢, — 0.53325,/Cy

I3 —0.032%, + 0.05174/cp — 0.2347F,/cp
ls = —0.2572;+ 0.4607F/cy— 0.7501F,/cy
Is —0.5526c, — 0.1636/Cp+ 0.3445,/cp
ls = 0.02658&— 0.217CF/cp+ 0.1516,/cy

(32)

4 Choice of Optimal W

In generalthe problemdefinedby (27) hasmary solutions. Therefore a criterion mustbe establishedor
selectingthe bestsolution. While mary possiblequality measureganbe devised,possiblythe mostuseful
is the maximumloadwhich the bearingcangeneratdeforemagneticsaturatioroccursat somepoint on the
statoror rotor.

To determinesaturationin the stator the fluxesin the legs, back-iron,andjournaliron mustall be com-
puted.If the poleareasareequalto the air gapareasthenthe poleflux densitiesaresimply equalto the gap
densities:

Bp=B (33)

Most of thebackiron flux densitiescanbefoundfrom then — 1 independentonserationof flux conditions:
ApiBbj —ApiBpj—Apj+1Bpji1 =0 (34)

The oneremainingequationrequiredis mostproperlyobtainedby applying Amperesloop law to the back
iron:

n
By iLi =0 (35)
,; L

However, asthecircuit beginsto saturatethe permeabilitieof the backiron sectionswith higherflux density
will begin to decreaseThis will producea redistrikution of flux densitywhich tendsto minimize the peak
flux densityin the backiron, subjectto conseration of flux. (Of course,astheiron startsto saturateflux
leakagewill alsoincreasereducingthevalidity of the simpleconserationof flux conditionsusedhere.)On
the basisof this heuristicargument,it maybe bestto solve theseequationsn sucha mannerasto minimize



the peakflux density The simplestapproximatiorto this kind of solutionis providedby the Moore-Penrose
pseudoirerse.Summarizg34) as
VpBb = VpBp (36)

Usingthe Moore-Penrospseudoinerseresultsin
Bo = V{VpBp, V{ = VI(VpV])? (37)

Thejournalflux densitiescanbe computedn a similar mannerleadingto

B |
P t
B; ViVp

Thetransformatiorfrom the reducedordercurrentvectorto the distribution of flux densitieghroughouthe
statorcanthenbedefinedas:

VKI (38)

I
B— VEEVp
VYA

j

I
(VA vg;vp VK (39)
ViVp
Now considerthe particularcaseof a 2 degreeof freedomradial bearing. Ratherthan computingthe
saturationload directly, computethe flux densitydistribution for a force of magnitudel.0 and arbitrary
orientation®:

Fx = cos® Fy =sin® (40)
If the parameters,, cx, andcy arechoseraccordingo

o1 C70056) 7siLG)
-4, X — Z 9 Cy— Z

thenthedesiredforce of magnitudel.0anddirection® will result. Theflux distributionthroughouthestator
resultingfrom ary selectionof  and® is givenby

(41)

Bs(Z,0,W) =Vd =V W { cosZG)/Z } (42)
sin®/C
The maximummagnitudeof theresultingflux densitydistributionis
Bmax({,©,W) = [Bs({,0, W) (43)
Theachiezableload capacityis then
Bsa 2
Fma({,©,W) = (m) (44)

whereBsy is the saturatiorflux densityof themagneiron.
The achievableload capacityis dependentiponthe choiceof { and®. Typically, it is conserative to
basetheload capacityupontheworstcaseorientation;

Brnar ;W) — max|Bs(Z, 0, W) (45)

This choicemight be modifiedfor systemsvherea gravity load or someotherload with fixed orientationis
significant. Further the choiceof  is essentiallyfree: it is the squareroot of the ratio betweerbiasingfield
and control field and hasno effect on the magnitudeor orientationof the field generated.This parameter
shouldbe chosenin sucha mannerasto minimize the peakflux density (and therebymaximizethe load
capacity):

Bmax(W) = n}inméax\Bs(Z,G),W)\m (46)

10



Figure4: 8 polesymmetricbearing.

In this manneythe bestsolutionW* is thatwhich minimizesBmay (0r maximizeskmay):

max Wnllvrb*n}mmgXI s((,0,W)| (47)

The minimax problemdefinedby (47) alongwith the constraintequation(27) forms a nonlinearopti-
mizationproblemfor selectingW. At presentthe only computationakolutionsfind mary exampleswhich
satisfy (27) usingthe methodsin the Appendixfrom a randomseedandthen choosethe bestsolutionon
the basisof (47). While this procedureyields usablesolutions thereis no guarante¢hatthesesolutionsare
optimal or evenrepresentocal optima. However, it is unlikely that a single gradientdescenbptimization
will yield aglobaloptimumbecausehe solutionsfor W arenot necessarilyonnected.

5 Examples

5.1 Example2

Aside from linearizing unusualstatorgeometriesthe proceduresare more practically usefulin developing
fault-tolerantcontrollersfor bearingswith alarge numberof coils. Consideran8-polesymmetricbearing as
in Figure4, with eachpolefacehaving anareaof 4.9110-*n?, anominalgapof 0.001m, and200turn coils.
In this example theflux pathareasn the backiron andin thejournalarethe sameasthepolefacearea.

In the normaloperatingmode,coils on all 8 legswould be operational This configurationallows for the
linearizingcurrentset

2 2 0 7

-2 —V2 -2
2 0 2

Jo -2 V2 -2

W = INVEA| 2 -2 0 (48)

-2 V2 V2

2 0 -2

[ -2 —vV2 V2 |

whichyieldsaload capacityof 562N atBsgz = 1.2T.

11



If onecaoil fails, thereis nolossin load capacity As notedin section2, matrix V specifyingthe currentto
flux densityrelationshiphasa nullity of 1; therefore analternatesetof currentscanbe pickedthatyieldsthe
sameflux densitiesasrealizedin the all-coils-active case.This alternatve matrix canbefound by solving

VKW = VW (49)

for W, theone-coil-kiledlinearizationmatrix. Matrix K representthe mappingfrom sevenactive coils onto
thefull currentvector Thesolutionis

W = [K'V'VK] TK'VVW (50)

Thissolutionis uniquefor agivenW, since(49) hasthesamenumberof independenéquationsasunknowns.
For the particularcasewherethe onefailed coil is coil 8, thelinearizingcurrentsetcorrespondingo (48)

IS

[4 2+v2 —v2 ]
0 0 —2V2
4 V2 2-2

TANVIOA | 4 242 -2
0 2v2 0
4 V2 22
e 0 0 |

Now, considerthe casein which coils 6,7, and8 have failed. Despitethe massve asymmetryintroduced
by the failure of threeadjacentcoils, linearizedcontrol s still possibleasshowvn by the factthata new W
matrix canbe computed Numericalstudieshave shavn thatin this configuration,

[ -0.198531 —0.146633 0.172692 |
—0.052334 0.022060 0.267589
0.034700 —0.000865 0.338018

W — —0.078408 —0.012076 0.269612 (52)
—0.198333 0.148658 0.156481

0.000000 0.000000 0.000000

0.000000 0.000000 0.000000

0.000000  0.000000 0.000000 |

is agoodsolution. Controlis still linearized but load capacityis reducedo 251 N becausélux is nolonger
evenly distributedin the stator The flux distributionsrelative to the saturationdensityfor thelimiting case
areillustratedin Fig. 5. For this particularsolution,thelimiting flux densityoccursin the backiron; a better
load capacitycould be achieved by a redesigrthatthickensthe backiron area.If the backiron is expanded
until the maximumflux densityoccursin thelegs, the load capacityis increasedo 278N usingthis current
set.
The greatesfailuresthatthis statorcantolerateare certainconfigurationgnvolving four failed coils. In

thecasewhereonly 1,2, 3, and5 arefunctioning,

1.826025 0.012223 —0.059953
0.108760 —0.013794 —0.038409
—0.063425 0.006560 —0.058641
W — 0.000000 0.000000 0.000000 (53)
1.802976 —0.015078 —0.051954

0.000000 0.000000 0.000000
0.000000 0.000000 0.000000

0.000000  0.000000  0.000000 |

solves(27), but the load capacityis furtherreducedo 115N. In this failure configuration the limiting flux
densityoccursin thelegs; greatetbackiron areawould not have aneffect on load capacity
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Figure5: Limiting flux densitydistribution.

If lessthanfour independenturrentsarecontrolled,alinearizingsolutioncannotbefoundin thegeneral
case.Eqn. (27) specifiesl2 constraintfor 9 unknowvns. Several of theseconditionscanbe met simultane-
ouslyif avalid x controlcurrentis in the null spaceof Xy andavalid y controlcurrentis in the null spaceof
Xx. Thisis notthe casefor ary 3-currentconfigurationfor the 8-polebearing.

52 Example3

As anexampleof a device with morethantwo degreesof freedom,considerthe device picturedin Figure6.
This particularmagneticbearingcontrolsX andY forcesaswell asa torqueaboutthe Z axis. Eachcoil is
woundwith N turnsandhasa pole areaof A. Theair gapsasa functionof rotor positionare:

0. = 0Go—X

g2 = Qo—Yy—dy

03 = Qo—Yy+dy

04 = GotX (54)

g5 = GQoty—dy
O = Uoty+dy

whereg, is nominalgaplength.

From(4),
1 -2 0 0 0 O 1 -2 0 0 0 O
g 0 1 -1 0 0 O 0 1 -1 0 0 O
—; 0 0 1 -1 0 0|®=N|[O0 O 1 -1 0 O]l (55)
A1T0o 0 o 1 -10 00 0 1 -10
11 1 1 1 1 0O 0 0o O 0 O
Invertingtheleft-handsideanddividing by A resultsin (9).
5 -1 -1 -1 -1 -1
-1 5 -1 -1 -1 -1
B—M -1 -1 5 -1 -1 -1 | (56)

T 6g | -1 -1 -1 5 -1 -1
-1 -1 -1 -1 5 -1
-1 -1 -1 -1 -1 5
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Figure6: 3 d.o.f. magnetidbearing.

By differentiating(54) by therotor degreesof freedom,

AN

Dy = <ﬂ>dlag{—1,0,0,1,0,0} (57)
AN

Dy = <ﬂ>dlag{0,—1,—1,0,1,1} (58)
AN

Dy = <ﬂ>dlag{0,d,d,0,d,d} (59)

Sinceall coilsareactive, K is merelytheidentity matrix. From(16),

4 1 1 0 1 1
1 0 0 -1 0 O
 MWAN?2| 1 0 0 -1 0 O
=gl o 1 1 o4 1 (60)
1 0 0 -1 0 0O
1 0 0 -1 0 0 |
0 1 1 0 -1 -1
1 -4 2 1 0 O
_ BAN* | 1 2 4 1 0 0
YT @ | o 1 1 0 1 1 (61)
1 0 0 -1 4 -2
-1 0 0 -1 —2 4 |
o 1 -1 0 1 -1
>l 1 -4 0 1 2 o0
y:—“"ldzA'z\' 1 0 4 -1 0 -2 62)
% |1 2 0o 1 -4 0

-1 0 -2 -1 0 4

Thesethreematricescompletelydefinethe relationshipbetweercoil currentandoutputforces/torques.
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The independentinearizationof mary force componentsanbe demonstratedavith this example. The
objectiveis a6 x 4 matrix W suchthat

0 200
1
T |3 000 _
WX, W 20 0 0 My (63)
| 0 0 0 0
[0 0 3 0]
T |0 o000
WTXW = 100 0 =My (64)
| 0 0 0 0
[0 0 0 3]
T 10000
WIX\W =1| 0 0 5 ol =My (65)
| 2 00 0

OneparticularW matrix thataccomplisheshis transformatioris

-8 -9 O 0

4 0O 9 9/d
Jo 4 0 9 -9/d
wW=__2 66
12NVIA | —8 9 0 0 (66)
4 0 -9 9/
4 0 -9 -9/
Thecoil currentsarethen
—8cy2 — 9Fy
4co?+9F,/d+9F,
| = % 4c,% — 9F,/d+9Fy (67)
12¢oN /oA —8¢o” + 9Fx

4co? +9F,/d — 9Fy
4ce? —9F,/d - 9Fy

6 Conclusions

Thesignificanceof thiswork liesin thatit providesamechanisnfior linearizinganddecouplingheforceaxes
in complicatednagneticactuators Typically, variationof ary onecoil currentin sucha device affectsall of
theforcecomponentshatthedevice cangenerateFurther thisinterdependends, fundamentallyquadratic.
Using the analysispresentedere,a simplelinearrelationshipcanbe found which relatesthe desiredforce
componentsindanadditionfixedbiasingtermto the bestsetof coil currents.Sincetheanalysidgs notlimited
to aspecificgeometryor numberof actuatoforcecomponentst canbeappliedto asymmetricstatorsstators
with failed coils, andstatorswhich generatenorethanthe usualtwo orthogonaforce components.

A clearmechanismhasbeendemonstratedor achieving fault toleranceto coil failures. If oneor more
coilsfail, anew coil currentcontrolschemecanusuallybeconstructedvhich preseresthelinearrelationship
betweenrequiredforcesand coil currents. This fault tolerancecomesat someexpensein load capacity
becausethe necessaryedistribution of magneticflux in the statorin orderto achiese high forcesalong
vectorspassinghroughthe polesof thefailed coils leadsto prematuresaturationin the statoror journal.

Severalissuesremainto be addressedh future work. First, while somenecessargonditionswerede-
terminedfor existenceof alinearizingcurrentcontrol schemesuficient conditionswerenot found. Further
attemptdgo casttherelatively simpleproblemstatemeninto aform solvableby existing elegantmatrix anal-
ysis tools were unsuccessfuandthe problem,thoughsimply stated,mustbe solved by arduousnumerical
minimizationof aquadraticcostfunction. A preliminaryexaminationof solutionsto someexampleproblems
suggestshatthe solutionsare not simply connected.This may be an artifact of the particularchoiceof pa-
rameterspace.lf the solutionsweresimply connectedhengradientbasedalgorithmscould be employedto
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find optimalsolutions.Finally, theminimaxproblemformulatedfor finding the optimalsolutionmayneedto
be elaboratedo moresuitablyreflectdesignconsideration®therthanload capacityunderlinear operation,
suchaselectricalor thermalefficiency, journal power dissipation andcoil currentdensities.
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Appendix:

Numerical Deter mination of W

Although somenecessargonditionsfor the existenceof W have beenpresentedsufficient conditions
for existencehave not yet beendeveloped. The only methodat presento prove the existenceof linearizing
matricess to find themnumerically Oneway of proceedings to definethefunction

p
IW) = 3 [WTXGW M3 (68)
=1

Any W thatmakesJ = 0 is clearlya solutionto (27). Many othersuchfunctionsareequallyvalid, but this
particularcostfunctionis a fourth-orderpolynomialin the elementsof W. Gradientmethodscanthenbe
employedto minimizeJ.

Alternatively, a methodsimilar to Newton-Raphsorcan be usedto find a valid W without explicitly
minimizing (68). Presentlythe schemewill be developedonly for the caseof radialmagnetichearings put
thegeneralizatiorio any numberof force component$ollows easily

Theproblemstatemenbf (25,26, 27) canberewrittenin theform

[ 1EXx 0 0 0
ILkXy 0 0 0
0 IXx O 0
0 IiXy O 0
0 0 |§,XX | 0
0 0 X b 0
yNy _
01X X | ) (T )0 (69)
0 Xy Xy y 0
[ Xx 0 1pXx 0
Xy 1EXy 0 0
Xy 0 IpXy 1
L i Xx 1pXx 0] 1
or moresuccinctlyas
Yl =b (70)
The Taylor expansiorof W(I)I aboutsomeparticularvectorly is
Wl =Wl )l +2W(1x)dl +... (71)

Thechangen | necessaryo solve (27) is thenestimatedy settingthefirst orderexpansionof W(1)l equal
to b andsolvingfor dl usingthe Moore-Penroseseudoinerse.

3l = %wT(lk)[w(lk)qﬂ(lk)}’l(b—W(Ik)lk) (72)

Thenext approximatiorfor | is
lkr1 = Ik + D0l (73)

whereA is a stepsizdessthanor equalto 1. Thisiterationwill usuallycorvergegivenanadequatelysmall
valueof A.
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