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Abstract

The purpose of this paper is to model the dynamics of a top with a finite radius tip on a
curved basin in a gravitational field without (and with) energy addition and dissipation. This is
an extension of a very general and classical problem and requires development of a method for
treating the dynamical interactions between the two curved surfaces. The full nonlinear equa-
tions of motion are indicated; however, these equations are very complex and do not show the
dominant mechanisms which define the system motions. A novel method of “partial lineariza-
tion” is employed which reduces the equations of motion to a relevant and tractable form in
which these mechanisms are clearly exposed. The model and related results are compared with
relevant examples from the literature. The movement of the top is simulated by an integration
of the fully nonlinear equations of motion and compared with the partially linearized results.

1 Introduction

The purpose of this paper is to model the dynamics of a top with a finite radius tip on a curved
basin in a gravitational field without (and with) energy addition and dissipation. This study arose
from observing théTop Secre® toy manufactured by Andrews Manufacturing of Eugene, Oregon
(Anderson Mfg. (1984)). This is one of those devices which can be invented and manufactured,
but whose underlying mechanics and behavior are neither obvious nor easily analyzed. This device
features a small top that spins on a shallow plastic bowl. The top appears not to slow over time as it
wanders on a non-periodic course throughout the bowl. While the toy is styled to create the illusion
of perpetual motion, the top actually is subjected to torque through a brushless motor arrangement.
Per Fig. 1, underneath the center of the base are two coils of copper wire around an iron core.
A permanent magnet is encased within the spinning top. A simple transistor circuit and battery
controls the coils such that there is an applied torque during half of each revolution of the top if
the top is suitably close to the coil. Upon further observation, unusual behavior can be observed
regardless of whether or not the battery is connected.
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Figure 1. Cross section of the toy’s arrangement.

Figure 2: Contact with surface.

2 Model Development

Most previous studies assume that the top spins upon a flat, level surface and that the contact with
the surface is stationary point contact (for example, Greenwood (1965) and Marion (1965)). Kane
and Levinson (1978) model a spherical tip on a flat surface and permit both rolling and sliding
behavior. In the present study, the effects of a curved surface on the modeling and motions of the
top are examined. Accordingly, in Fig. 2, the contact end of the top is a hemisphere ofrraglius

the end of a cylinder. Initially, it is assumed that the top rolls without slip on the surface. However,
as the problem will be posed, it is easy to solve for the normal and tangential forces to check for
possible sliding (i.e., calculate the limiting coefficient of friction). These forces are calculated (in

a later section) to validate the assumption of rolling for several specific trajectories.

Five generalized coordinates and generalized speeds are defined pursuant to the development
of the equations of motion using Kane’s method, as described in Kane and Levinson (1985). In
Fig. 3, the five coordinatesy, . . .,0s, and a surface shape functibg;, qz) describe the position
of the top at time. Coordinates);, gy, andh(qs,qp) denote theep, ¢, andcs coordinates respec-
tively of pointR in the top relative to poin®D in the fixed reference frame C. (See Eq. (4) below.)



Figure 3. Explanation of reference frames.

Generalized coordinate, q4, andgs are successive 1,2,3 rotations describing the orientation of
reference fram& fixed in the top with respect t6. PointM denotes the mass center of the top.
M lies a distance; away fromR alonges.

Five generalized speeds are defined by

U = G i=1...,5 (1)

The rolling condition derived below creates two nonholonomic constraints that eliminaied
Uo.
The contact poinP is at a distance; away fromR on a line normal to the surface. A surface
normal,n,, is
0 0
No = (C1+ =—h(01,a2)C3) x (C2+ z—h(01,02)C3) (2
o g

The unit surface normal is

“oh.
a0 C1 BQ2 Cz +C3

= (3)
n
’ O‘ \/1+ aCh f’Q2)
The position vector to R from O in the C frame is
CpR = quc1 + g2C2 + h(ar, 02) 3 (4)
The velocity of R in the C frame is then
oh oh
C\R _ il
VR = u1c1 + pco + (U1aq + 26q2)c (5)

An intermediate frame D moves with the top such that the top (E) spins about the common
ds — e3 axis. A C’ frame is an intermediate frame between C and D such that the angular velocity
of the D frame with respect to the C frame is

CwP = UsCy + UsC'» (6)
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and the angular velocity of the E frame with respect to the C frame is

CwF = CwP + usds 7)

The velocity of the contact point P independent of any motion constraints is

c,P_C

v VR—Cf xrin (8)
For rolling of the top’s tip on the surface of the bowl

S“VP=0 (9)
Solving Eq. (9) foru; andu; gives the following nonholonomic motion constraints:

, h . ah
r1(Us COSgz — Us COSO4 SiNG3 + Us COST3 cosq4(§’E +Uug S|nq3§—qz)

up =
I+ @2+ (3R

(10)

r1(—Us — UsSingy — Us COS3 Cosmg_(:ll _ u4sinq3(§’—c:‘l)
VI @+ (&)
Equations (10) and (11) are substituted into Egs. (5) through (7) and into subsequent equations

whenevel; or up appear through differentiation gf or gs.
The velocity of the top’s mass center M in the C frame is then

U =

(11)

CWM = CVR 4 Coof xrods (12)
and the acceleration of the mass center is
CaM = CdvM /dt (13)
The angular acceleration of the top is
Caf = CdCwF /dt (14)
CwF and®aF can be expressed in the D frame as
Cwf = wid; +wady +wads (15)
Caf = a1di + 0ody + 0ads (16)
so that net inertial torqu&, about M is
T = —(a1ly —wows(l1 — 13))d1 — (02l —wWawq (I3 —17))d2 — azl3ds a7

wherel; andl3 are the principal moments of inertia abaytand ez respectively. The resultant
inertial force atM is
F = —mtaM (18)



The nonholonomic generalized inertial forces are then

ocwM CwE
* F
Q ou; I+ ou;

-T) i=3,4,5 (19)

The nonholonomic generalized active forces are calculated from

ocwM CwF
QI: aui Fat aui

-Ta i=3,4,5 (20)
Fa is the externally applied resultant force

Fa=—mgcs (21)

where m is the top’s mass and g is gravitational constatis the external torque at the mass
centerM. Initially, the electronic circuit in the top is considered to be inactive, such that

Ta=0 (22)
From Egs. (19) and (20), the equations of motion (Kane’s equations) are

Equations (10),(11) and (23) describe the motions of the top on a curved surface.

3 Special Cases

The equations of motion are formidable in the general case, and it is instructive to consider some
special cases. First, consider a flat horizontal surface; hé(ggg,) = 0. Thenn is equal tocs
and Egs. (10),(11) and (23) become

Gi = r1UsCOSO3— r1UsCOSO4SINGs (24)
g2 = —(riuz) —riUssings (25)
0 = gmncosysings —

COSC]4(|3U4U5 +11 COSC]4U3 -2 1u3u4sinq4 +
I3u3Usg SiNg4) — l3SiNQy *

(usus COSO4 + Us + Uz Singy) —

Mr3 CoSg, Sings(U3 coSq3 COSO4 + UZ COSG3 COSY, +
C0OS4U3SiNQ3 + COSQ3U4 SiNg4 —
2u3U4SiNQ3SiNgs) —

M(—r1 — r2COSY3COSY4) *

(—(r1(uqus cOSq + Uiz + Us Sindla) ) +

r2(—(COSQ3 COSOaUi3) + U3 COST4 SiNGs +

uﬁ C0S(4 SiNQ3 + 2U3U4 COSQ3 SN +
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U4singzsings)) (26)
0 = ljususcosg, — l1UsUs cos 04 + l3UsUs cos Q4 —

l1U4 + gmr, cOSg3 Singq +

(—11+ 13)U3Us COSO4 Sir’ js —

Mr3 cosgs Sinda(U3 coSq3 COSt4 + UZ COSG3 COSY, +

COSg4U3SiNg3 4 COSq3U4 SiNgq —

2u3U4SingsSings) —

mM(r1COSy3 + r2COSYy) *

(r2COSUalia — U4 SiNGy +

r1(—(U3Us COSO3 COSO4) + COSU3U — UgUa SiNgg —

COSQyUs SiNQz + UaUs SiNgz Sinda) ) —

mMr2Singz Singa(—(rq *

(UgUs5COSQ4 + Uz + Us Singa) ) +

r2(—(COSQ3 COSOaUi3) + U3 COST4 SiNG +

uﬁ C0S(4 SiNgs + 2U3U4 COSQ3 SiNQs +

lis SiNQ3SiNGa)) + ((—11+13)usin ) /2 (27)

0 = —(l3(uzuscosqgs + Us+ U3Sings)) +

Mr1 COSga SiNQ3(r2 Cosqslia — rzuﬁsinq4 +

r1(—(UgUs COSO3 COSTl4) + COSU4 — U3gUa SiNQ3 —

COSOUs SiNQ3 + UgUs SiNG3 Sinda) ) +

mry Singa(—(r1(uUsUs COSO4 + Uz + UsSingy) ) +

r2(—(COSg3COSy4U3) 4 U3 COSO4SiNgs +

U3 cosq Sings 4 2U3U4 COS3 SiNGs +

U4singzsings)) (28)

As a check of the equations, let = 0. Equations (24) through (28) describe the classical

top with a fixed tip. All dependence upaop andq, disappears from the equations of motigg;
does not appear in the equations of motion either, since the top is symmetric abegiattis.
Equations (26) through (28) are solved iy, Uy andus. The resulting equations are linearized
about the upright position, vizgz = 0, g4 = 0, uz3 = 0, us = 0, us = w (wherew = constant), to
produce the following system:

q;g 0 0 1 0 ds
@l _ |0 0o o 1|]a
Ug B K1 0 0 —G]_ u3 (29)
Ug 0 K1 Gi 0 Ug
where
_ . gmp
Ki= I1+mr22 (30)
3w
i me oy



massm 2.81g

gravitationg 981cm/s
ri 0.064cm
ro 0.71234cm

1, Inertia aboue; 0.583271gcn?
3, Inertia abouts 0.856495y cnt

Table 1. Measured Top Parameters

This result concurs with previous investigations, such as Webster (1925).
The eigenvalues of the above matrix are

[ (G2 4Gy /G2 — 4Ky + 2Ky)Y/2

—(—G2 4+ G141/ G2 — 4Ky + 2Kq) /2 (32)
(~G} — G1y/GF — 4Ky + 2Ky) /2

| —(~G3—Guy/G2— 4Ky +2Ky) V2 |

The system is marginally stable if the eigenvalues are purely imaginary. This requires that
Gf —4K; > 0. SubstitutingKk; and G; into these expressions, both are satisfied and the top is
marginally stable if

Sl

\/4mgr2(ll +mr3)

I3
The result corresponds to the “sleeping top” condition for a top near the vertical as described in
Greenwood (1965). For this system, moments of inertia and the center of mass were calculated
from the measured geometry of the top assuming a constant mass density. These parameters are
contained in in Table 1. With these values, Eq. (33) yields 14667 rad/s (1400.6RPM) for
the top to be stable.

Now, letr; be non-zero withh(qs, g2) still equal to zero. By the same procedure as above, the
following linearized system of equations is obtained:

| >

(33)

03 6 0 1 0 03

| [0 o0 o0 1 |)a
Ug o Ko O 0 -G us (34)

U4 0 K> Gz 0 Ug

where A

Ka=mgr/l (35)
Gzzw(I3+mr1(r1+r2))/f1 (36)
[1=11+m(ry+rp)? (37)



g1 andg; may be calculated from
01 = —r1003 +r1Us (38)

Oz = —r10004 — U3 (39)

Eq. (34) is identical in form to Eg. (29) and thus to the classical top problem with a fixed tip.
However, the coefficients are different, and additional equations (38) and (39) exist that depend
uponags, g4, Uz, Us which describe the motion of point R. In this case, the mininwialowable
for stability is 134.25ad /s (1282.0RPM).

4 Unpowered Case, Curved Surface

For any flat surface, even if tilted, the normal vectois constant, a great simplification. For
a curved surface, howevar, changes as a function ofg and gz, which results in much more
complicated equations of motion.

The complete equations of motion for the top were formulated with the aid of a symbolic
manipulator. The resulting equations are lengthy and provide little insight into the mechanisms
responsible for the top’s significant behavior. From observations offdeSecre® toy, the top
is nearly vertical at all times, even on the curved shell; second, the slope of the bowl is generally
quite shallow. Hence, the non-linear dependencegspgs, us, Uus and on the first derivatives of
h(g1,02) can be linearized about zero in a similar fashion as for the horizontal surface case. The
nonlinearities due to the interaction with the curved bowl surface remain. This “partial lineariza-
tion” greatly reduces the size and complexity of the equations and eliminates terms which normally
make little contribution to the toy’s behavior:

0 0 1 0

B 0 0 0 1 G
q4 . aZh azh azh q4
us [ K2+ K2 0Q10QZ 2 BqlaqzzG/ —(Gzt _G/) us
u 6 h / _0%h / u
(40)
0 0 ah
20 02 201
8%h a h
6q16q2 K2 B , K2 oh
f) h 902
el e | L
Qi = rUs—wrioz+wry—— 3 (41)
02
G = —TNUz—wWriga+wry-— 3 (42)
01



Figure 4: Top Secret bowl shape.

where
K, = mrw?(ri+r2)/i1 (43)
G, = mrw(ri+ry)/i1 (44)
B]_ = mgrl/ll (45)

These equations exhibit several interesting properties. First, the system does not need to be
linearized aboutis. When the other linearizations are made= 0, andus can be taken a®, a
constant. Second, the highest derivativeh tiat occur are second derivatives with respejto
andqgy. Therefore, this method applies in regions where the first and second derivativeseof
finite.

The “partially linearized” equations (40)-(45) clearly expose the dominant mechanisms respon-
sible for the behavior of the top on curved surfaces for near-vertical orientations. Comparing these
equations to Eqgs. (34)-(39) for motion on a horizontal surface, additional stiffness and damping
termsK5 andG), arise in connection with the curvature of the bowl. Forcing terms related to the
slope of the bowl are also evident in Eq. (40). Most importagyandg, are no longer ignorable:
these coordinates have a nonlinear influence in all of the equations through the bowl’s shape func-
tion, h(qs1,q2). Incidentally, the assumption of shallow slope still allows for significant curvature.

To facilitate a general evaluation of the results, the surface ofTiye Secre® toy’s bowl is
approximated (through a least-squares fit to several measured values) by

h(gs, gp) = 0.0508— 0.137381 +0.119742%—0.038818 3 +0.004544* (46)

r=/0%+03 (47)

See Fig. 4. According to the manufacturer’s literature, Anderson Mfg. (1984), the top usually
spins at around 300RPM (314rad/s). The spin rate of the top may be obtained by measuring the
frequency of the current induced in the base coils by the magnet in the spinning top. The top was
observed to spin in the neighborhood of 3PM while in normal operation. This value will be
assumed fous in the following simulations.

where



Case| gi,cm | g2,cm | gz, rad | gs,rad | ug, rad/s | u4,rad/s | us,rad/s | length sec
1 3.0 0 0.1 0.2 0 0 314 10
2 0.2 0 0 0 0 0 314 10
3 15 0 0.05 0 0 0 314 30
4 0.5 1.0 -0.01 | 0.033 0.025 -0.011 314 30

Table 2: Curved Surface Initial Conditions

[92, cm]

é [q1, (;m]

Figure 5: Unpowered Case 1.

A number of cases (initial conditions) were simulated using Egs. (40)-(45) and a Runge-Kutta
integration scheme as described in O’'Neil (1987). Figures 5, 6, 7, and 8 show a planar projection of
the trajectory of poinR. Axes are graduated in centimeters. Initial conditions are given in Table 2.

As a validity test of the linearizing assumptions used to produce Egs. (40)-(45), the full nonlinear
equations were also integrated numerically for the Case 3 initial condition. The trajectory of points
augmenting the reduced equations simulation represents the full equations solution. In Case 3, the
partially linearized solution agrees very well with the full nonlinear equations simulation over a
period of 30 seconds. While the patterns exhibited in the simulations are quite intricate, they seem
to always form a repeating pattern that depends upon the initial condition. The patterns are not of
the aperiodic nature observed in the actual toy while under power.

5 Powered Case, Curved Surface

In the active mode, there is torque on the top due to magnetic attraction and repulsion (per Fig. 1)
and an aerodynamic drag effect. The powered case could be formulated by modifying the ac-
tive force vector5 and the active torque vectdr in Egs. (22) and (21). However, it is easier
to include the effect of these applied forces as a modification of the reduced model used in the
unpowered case.

In the unpowered caseg equals zero. For the powered case, a model of the effects of the
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Figure 7: Unpowered Case 3.

[92, cm]

Figure 8: Unpowered Case 4.
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magnetics and the air drag would be
Us = Y(r) — VUs (48)

v is the coefficient of aerodynamic drag on the spinner. The torque fungtionis defined here
as

LIJ(r) = 07 r S rs
= constanfls, rz3<r<ry (49)
= 0, r>ra

This model represents a constant torque acting inside a radial band of the bowl in combination
with a linear aerodynamic drag on the spinner. This model provides a mechanism for the top
to be charged with energy and explore the outer regions of the bowl. When drag slows the top
sufficiently, the top will tend back towards the lower sections of the bowl, where it will be energized
and repeat the cycle.

An alternate model of) might reflect the inverse-square nature of magnetic force. Also, the
magnetic force may weakly torque the spinner aboutirendd, axes as well ads. In this study,
however, the simple model showed an acceptable class of results.

Values forrz andr4 are 0.6cmand 2.5cmrespectively as estimated from the physical arrange-
ment. A value for the torque constant in Eg. (49) that has been observed to give results qualitatively
consistent with the physical setup is aboutdMe cm Coefficientv was calculated by assuming
a first-order decay of the spin rate. The spin rate of the top was measured via base coil currents
at several points in time, and derived from a fit of these data points to the first-order model.
Coefficientv was calculated to be about 0.86c ™.

Numerical simulations were run for several initial conditions with these parameters. For the
purpose of comparison to the unpowered case, the same initial conditions were considered. Figures
9, 10, 11, and 12 show the planar projection of the trajectory of gRinAxes are graduated in
centimeters. Initial conditions are given in Table 2. Again, the Case 3 simulation is augmented
by an additional trajectory of points. These points represent the solution of the full nonlinear
unpowered equations with the above torque and damping model appended to the equation defining
Us.

These simulations had several interesting results. In Case 1, the top was on a trajectory that
did not enter the torqued zone before it slowed down and became unstable. This type of behavior
has been observed to occur with tiep Secre® toy. In the other three cases, the behavior was
significantly different as compared to the behavior without power. All three cases displayed the
erratic trajectories that are characteristic of the observed behavior of the toy. In Case 3, the partially
linearized simulation again compared favorably to the full nonlinear solution.

6 Assumption of Rolling.

Kane and Levinson (1978) claim that modeling sliding is important for accurately representing a
top with a spherical tip. In the present study, rolling is assumed throughout. The validity of pure
rolling is examined by deriving the contact forces as follows. Assuming that a Coulomb friction
model applies, rolling occurs if the ratio of friction force to normal force at the tip never exceeds
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Figure 9: Powered Case 1.

[92, cm]

Figure 10: Powered Case 2.

Figure 11: Powered Case 3.
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[ql, cni

Figure 12: Powered Case 4.

the coefficient of static friction for contact between the top and the suitace,

i
— 50
Fn < U'S ( )
if Fs is friction force,F, is normal force, angls is the static coefficient of friction.

To evaluate the contact force, define the additional generalized apsadh thatvR in Eq. (5)

IS now

CVR = uics + upco + uyes (51)

The contact force applied at poiRtis denoted aZ :
Z = Z1C1+ Z>Cr+ Z3C3 (52)

Recall Egs. (8) and (12) fdrv® and“vM respectively. Without rolling constraints, partial
velocities with respect tas, up, anduy are

Uy ‘ C\P ‘ CyM

1 g C1
2 C2 Co
\' C3 C3

The active force applied at P& and at M isFa (see Eq. (21)). The inertial force applied at
Mis F; = —m®aM (Eq. (18)). This implies three equations:

FACVM4+z VPR CWM =0 r=12yv (53)

Denoting®aM as

CaM — a1C1 + axCy +asCs (54)
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Figure 13: Peal; /F,, Powered Case 3.

These equations can be solved Zar Z,, andZs:

Z; = —mgy
Zo = —ma (55)
Z3 = —magg+mg

(56)

When the forces generated during rolling are of intefesY, is substituted from Eqg. 13 (in which
the rolling assumptions are included).
The normal force prescribed at the tip is then

F,=2-n (57)

wheren is the outward surface normal defined in equation (3). Friction force is

Fi = /IZ|2 ~ F2 (58)

For ease of computatiof, andF; were partially linearized as described in Egs. (39)-(45).

The ratio(F,/Ff) was then computed during the entire simulation runs for the powered cases. It
was found that peak values occur when the top makes passes close to the center of the bowl — a
region where the bowl’s slope is comparatively high. Since the unpowered cases never visit this
high slope area, they are not considered further.

In extended simulation runs, powered Cases 1 and 2 eventually slow and fall over, implying
slippage and violation of linearizing assumptions. These are atypical cases for the toy, since it
rarely falls during actual operation. Cases 3 and 4, however, continue indefinitely and represent
typical cases. For these typical cases, the maximum valu@s, GF¢) are 0.224 for Case 3 and
0.107 for Case 4. A plot of the peak in Case 3 is illustrated in Fig. 13. Although two cases are not
an exhaustive survey, the small magnitude of these peak values indicates that rolling is a reasonable
model for the toy under normal circumstances.
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7 Conclusions

The equations of motion have been developed for the problem of a top with a spherical tip moving
without slip across horizontal and curved surfaces. This involved developing methodologies to
address the interactions between the curved surfaces, modeling power input and dissipation, and
meaningful presentation of results. The assumption of rolling is evaluated and validated for a
practical coefficient of static friction.

The evaluation of the stability properties for the classical top problem, to the case of a finite-
radius tip on a horizontal surface, to this most general case with a curved surface and power addi-
tion and drag losses was addressed by a method herein called “partial linearization.” This involves
linearizing only selected terms of the equations of motion, generally involving the principal rota-
tional motions of the top about some observed operating condition. This progression is seen in
Egs. (29)-(31), then (34)-(39), and finally (40)-(45), respectively.

Special cases were evaluated and compared to previous analyses to validate the model for-
mulation. Equations representing the fully nonlinear case on a horizontal plane were produced,;
subsequently, the effect of a finite-radius tip was evaluated for stability.

A partially linearized model of the top moving on a curved surface without any external energy
dissipation or addition was examined. This involves linearizing only those variables which remain
“small” while the device is undergoing large motions in the bowl. This enabled the analytical eval-
uation of the dominant mechanisms and “natural frequencies” of the system. With the assumption
of a nearly vertical position for the top, terms embodying the significant interaction with the curved
surface were put clearly into evidence. The top followed regular trajectories in this arrangement.

The top was examined moving on a curved surface subject to aerodynamic drag and exter-
nal torque. The same initial conditions explored in the unpowered case were observed to follow
markedly different and seemingly unpredictable trajectories when subject to external forces. Equa-
tions (40)-(45) and (48) were proposed as an explanation of the significant behaviors observed from
a setup such as th@op Secre? toy. Under this powered motion model, the nearly vertical ori-
entation of the top as observed in the operating device and assumed in the partial linearization
essentially eliminates the possibility of any significant sliding for reasonable values of friction
coefficient.
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