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Abstract

Very small implantedpermanentmagnetsguidedby large electromagneticcoils have beenproposed
previously as a methodfor delivering hyperthermiato or guiding cathetersthroughbrain tissue. This
procedureis termed“magneticstereotaxis.” Early efforts employed a singlecoil on a movableboom,a
designthat proved logistically difficult to useon humanpatients. The presentwork dealsinsteadwith
a designwhereseveral stationarycoils areemployed to develop a force on the implantedmagnet. The
coil current-to-forcerelationshipis developedfor this type of machine,andseveral optimal solutionsfor
realizinganarbitrarystaticforcearepresentedfor variousconstraintson theorientationof the implanted
permanentmagnet.Costsof thedifferentsolutionsarecomparedin severalexamplesusingamathematical
modelbasedon theMagneticStereotaxisSystem(MSS)developedby Stereotaxis,Inc., theUniversityof
Virginia,andWangNMR.

1 Introduction

Magneticstereotaxisis anovel therapeuticmethodologyfor thetreatmentof braintumorsandotherneurolog-
ical problems.Thefundamentalideaof magneticstereotaxisis that largeelectromagneticcoils canbeused
to guidea small pieceof implantedpermanentmagneticmaterial(a “magneticseed”)alongsomearbitrary
trajectorythroughbraintissue.Incidentaldamageis reducedby selectinga paththatavoidsimportantbrain
structures.Oncetheseedhasbeenmaneuveredinto atumor, theseedis heatedinductively by high-frequency
magneticfields. This heatingresultsin highly localizedcell death.By successive movementsandheating,a
tumorcouldbedestroyedwith little damageto thesurroundingtissue[1]. Alternatively, themagneticseed
could be usedto guide the tip of a catheter. This catheterwould thenbe usedto deliver drug treatments
directly to sitesinsidethebrain[2][3].

Previouseffortsin magneticstereotaxisusedasinglemovablecoil to actupontheimplantedmagnet.This
arrangementprovedsuccessfulin experimentsusinglive dogs[4]. Scalingthe device to work on humans,
however, hasbeendifficult. The sizeandweightof the requiredcoil interferewith the necessarybi-planar
fluoroscopesandmakeprecisionmanipulationimpracticalin anoperatingroomenvironment[2] [5].

Subsequentefforts have focused,instead,uponanarrangementof stationarycoils,asshown in Figure1.
Sincethecoils areoperatingin a region of uniform, linearmagneticpermeability, thefieldsof thecoils are
additively superimposedupononeanother. With a properselectionof currents,a wide rangeof forcescan
beappliedto themagneticseed.Onesuchdevice, theMagneticStereotaxisSystem(MSS)developedby the
Universityof Virginia,Stereotaxis,Inc., andWangNMR, Inc., hasbeenbuilt andis currentlyin theprocess
of testing[6] [7]. Thisdeviceusesa roughlycubicarray(or “helmet”) of six superconductingcoils.

Severalproblemsprecludetheclosed-loopcontrolof machinessuchastheMSS.First, thesuperconduct-
ing coils of sucha machinehavea largeinductance.Second,thecurrentsinsidethecoils cannotbechanged
fasterthanacertainrate(makingchangesin currentdifficult andcostly),or thecoilswill becomeheatedand�
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Nomenclature

’ Denotestranspose.

a Magneticvectorpotential.

b Vectorflux density.

b Columnmatrix of flux densitycomponents.

B Current-to-fluxdensitymatrix.

c Transformedcoil currents.

C Costfunction.

d Columnmatrix of desiredforceandfield.

D Matrix of flux densityderivatives.

e Unit vectordefiningframealignedwith desiredforce.

f Vectorforceon dipole.

f Columnmatrix of forcecomponents.

G Dipoleconstraintsmatrix.

i Coil currents.

j Vectorcurrentdensity.

K Current-to-forcematrix.

m Vectordipolemoment.

M Sphericalseedcurrent-to-forcematrix.

m Columnmatrix of dipolemomentcomponents.

n Unit vector defining helmet-fixed reference
frame.

p Positionvector.

P Identitymatrix lackinglastcolumn.

r Vector from differential currentvolume to field
point.

t Torqueon dipole.

T Transformationmatrix.

U � V �W Sing.val. decomposition.of G.

v Unrealizablevectorof singularG.

x � y� z Componentsof p.

α Flux densityto forceratio.

ε force– flux misalignmentangle.

γ Magnitudeof m (const.for agivenseed).

λ Lagrangemultiplier.

µ Magneticpermeability.

losetheir superconductivity – a catastrophicfailureknown as“quench”.Lastly, thetissuethroughwhich the
seedmovesis moderatelyheterogeneous,leadingto significantmodeluncertainty. Dueto thesedifficulties,
anopen-loopcontrolschemehasbeenchosen.

In the open-loopcontrol scheme,movementof the seedproceedsin small steps. The stepsare short
enoughthat variationsin the current-to-forcerelationshipsdue to seedmovementcanbe ignoredand the
effects of modelingerrorsremainsmall. The static currentsolutionsaddressedin this work then can be
assumedto apply over the entirelengthof the seed’s movement.The schemeconsistsof first determining
a setof currentswhich appliesa force in thedesireddirectionof motion. Themagnitudeof this setof coil
currentsis thenrampedupanddownonce,resultingin asmallmovementof theseed.Magnitudeandduration
of thecurrentrampingarechosensothattheseedwill typically moveacentimeteror lessduringeachpulse.
After eachpulse,the seed’s positionis determinedby fluoroscopesandis assessedby the operator. A new
forcedirectionis thenchosento continueprogresstoward theultimatetarget. A similar open-loopscheme
consistingof successivesmallseedmotionshasbeenusedsuccessfullyin surgicaltrialsof thesinglemovable
coil MSS[4] andin on-axismovementsof thesix-coil MSS[6].

Previously, thecontrolschemelackedpredeterminedconstraintson theselectionof currentsleadingto a
force in the desireddirectionof movement.Selectionthereforeproceededsomewhatheuristically, compli-
catingthemachine’s operation.Thepresentwork addressestheproblemof theselectionof currentsneeded
to realizeanarbitraryforcein thegeneralclassof stationary-coilmagneticstereotaxissystems.Thecurrent-
to-forcerelationshipfor suchdevicesis first characterized.Threeclassesof solutionsfor thecurrentsneeded
to produceanarbitraryforcearepresented.For convenience,asix-coil MMS is specificallyaddressed;how-
ever, thesesolutionscanbeeasilyextendedto a machinewith morethansix coils. Thesesolutionsassume
differentconstraintson theorientationof theimplantedmagnetrelative to thedirectionof thedesiredforce.
Seedorientationis especiallyimportantwhenacatheteris beingpulled;misalignmentcancauseunacceptable
damageto brain tissueduring seedmotion. It will be shown that the problemis usuallyunderconstrained,
implying the existenceof many solutionsfor any givenforceorientation.An optimal solutionis chosenin
eachcaseon the basisof a quadraticmeasureof the coil currents. Solutionsundereachsetof alignment
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Figure1: Schematicof multi-coil MSS.

constraintsarethendemonstratedthroughseveralillustrativeexamplesusingthespecificconfigurationof the
MagneticStereotaxisSystem.

2 Governing Dipole Equations

Sincethedimensionsof thepermanentmagnetseedareverysmallcomparedto thesizeof thesuperconduct-
ing coils, theseedcanbeidealizedasa pointdipole.Themagneticpropertiesof theseedaresummarizedby
theseed’sdipolemoment,m. Thedirectionof thisvectoris thesameasthedirectionof magnetizationin the
seed.Themagnitudeof m is theproductof themagnetizationandvolumeof theseed.

Derivation of the forcesand torqueson a dipole dueto an appliedmagneticfield canbe found in the
literature[8]. Definingp asa positionvectorlocatingtheseedrelative to thecenterof thehelmet,theforce
on theseedis

f
�
p ��� ∇

�
m � b � p ��� (1)

andthetorqueis
t
�
p �	� m 
 b

�
p � (2)

3 Formulation of Current-to-Force Relationships

Equations(1) and(2) specify the force and torquerespectively on the dipole seed,but they do not imply
any particularbasisin termsof which thesevectorsarerepresented.A computationallyusefulform of these
equationscanbeobtainedby defininga basisof orthogonalvectorsn1 � n2 andn3 thatarefixedat thecenter
of thehelmet.With thesevectors,define

p � xn1 � yn2 � zn3

m � m1n1 � m2n2 � m3n3

f � f1n1 � f2n2 � f3n3

b � b1n1 � b2n2 � b3n3

(3)

Sincem is not a functionof p, (1) canbewritten in matrix form as

f1 � m ∂b
∂x
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f2 � m� ∂b
∂y

(4)

f3 � m� ∂b
∂z

where � ��� denotestranspose.
Equation(4) definesthefield-to-forcerelationin aparticularreferenceframe,but theconnectionbetween

coil currentsandthemagneticfield (b) muststill bedefined.Sincethepermeabilityof theseedis veryclose
to that of free space,it is appropriateto characterizethe field at a point asa linear superpositionof field
contributionscreatedby eachof thesix coils. Furthermore,thecontribution of any particularcoil is linearly
proportionalto thecurrentin thatcoil. Therelationshipbetweencoil currentandfield canthenbeconcisely
representedin matrixnotationas

b� x � y� z� � B� x � y� z� i (5)

wherei is acolumnmatrixof coil currentsandB is a3 � 6 matrixdependentonseedposition.Thekth column
B representsthecontributionof thekth coil to thefield at � x � y� z� in responseto a unit of currentin thecoil.

Spatialderivativesof thefield alsofollow thesameruleof superposition.Coil currentsarerelatedto these
derivativesby thedifferentiationof (5):

∂b
∂w � � ∂B� x � y� z�

∂w � i where w � x � y� z (6)

Defining

D1 � ∂B
∂x

; D2 � ∂B
∂y

; D3 � ∂B
∂z

(7)

andreferringto (4), a particularforcecomponentis

f j � m� D j i (8)

For agivendipoleorientation,all forcecomponentscanbecollectedinto theexpression

f � K � p � m � i (9)

where

K � p � m � ���� m� D1

m� D2

m� D3

��
(10)

4 Determination of the Magnetic Field

Thedeterminationof theelementsof theB andD matricesis not a trivial taskanddeservessomecomment.
In themostgeneralcase,finding themagneticfield producedby a coil involvessolvingMaxwell’sequations
for thespecialcaseof magnetostaticfields(summarized,for example,in [9]). Theseequationsare:

1
µ

∇ � b � j (11)

∇ � b � 0 (12)

wherej is vectorcurrentdensity. By definingb in termsof vectorpotentiala as

b � ∇ � a (13)

equations(11)and(12)arebothsatisfiedif thevectorpotentialsatisfies� 1
µ

∇2a � j (14)
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TheMSS,however, is specificallybuilt only of materialsthathavea magneticpermeabilityverynearthatof
freespace.In thecaseof uniform permeabilityµo, thecontributionof a differentialvolumeof currentto the
vectorpotentialhasthesolution

da � µo

4π
j�
r
� dV (15)

wherer is a positionvectorfrom thedifferentialcurrentelementto thepoint of interest.Thecurrentdensity
is a linearfunctionof currenti flowing throughthecoil.

j � i ĵ where
�
ĵ
� � (# of turns)

(coil cross-sectionalarea)
(16)

Flux densityin termsof coil currentis foundby differentiatingaccordingto (13)andsubstitutingfrom (16).

db � µoi
4π  ĵ ! r�

r
�
3 " dV (17)

Thisrelationis commonlyknown astheBiot-Savart law. Equation(17) is numericallyintegratedoverthe
volumeof acoil to obtainthetotalfield producedby thecoil. Since(17) is a linearfunctionof i, thefield can
becomputedfor a unit of currentandthenscaledfor any othercurrent.Because(14) is a lineardifferential
equation,thetotal field canbedeterminedby thesuperpositionof thecontributionsfrom individual coils.

For efficientsimulationof theMSS,thefield is computedfor grid of pointsatdifferentradialandaxialpo-
sitionsrelative to thecoil of interest.Thefield at aparticularpoint is approximatedby interpolatingbetween
known field values.If a suitablysmoothinterpolationanda fine enoughgrid is used,goodapproximations
of thefield derivativescanbeobtainedby differentiatingtheinterpolationfunctionsusedto approximatethe
field.

5 Coil Current Solution

In this work, several forms of the i to f relationhave beenpresented.Theseforms canbe usedin several
differentapproachesto theproblemof findingasetof currentsthatrealizesadesiredforceontheseed.Three
differentscenarioswill beconsidered;eachapproachconsidersdifferentconstraintson theseedorientation.

It is assumedfor eachconfigurationthat the resistanceof the seedto rotationis negligible, ashasbeen
observedexperimentally[4] [7]. From (2), it canbe notedthat torqueon the seedis zeroonly whenm is
alignedwith b. Furthermore,if m is parallelto b, a smallperturbationin m producesa torquethat tendsto
re-alignm andb. Theconverseis true if m is antiparallelto b. Sincetheseedis free to rotate,it will align
with theonly stableequilibriumorientation:m

� �
b. Sincethereis aconsiderablethresholdforcethatmustbe

appliedbeforetranslationalmotionbegins,theseedis assumedto line up with b beforeany changein seed
positionoccurs.

Generally, theseedis prolate,andthemagnetizationis alignedalongthemajoraxis. If acatheteris pulled,
it is attachedon oneof the endsof the major axis. To minimize tissuedamage,the field andforce should
bedirectedalongthesameline sothattheseedpresentsthesmallestpossibleprofile andminimizesdamage
to tissue. Misalignmentbetweenthe force and field vectorsis called “skidding.” Although no skidding
at all is desirable,the currentsrequiredto realizethis constraintare often unacceptablylarge. However,
someskiddingmight betolerablein exchangefor lower currentrequirements.Threescenariosaretherefore
consideredwhich imposedifferentconstraintson theamountof skiddingallowed.

1. UnlimitedSkidSeed.Sincetheseedattitudeis notconstrained,thedesiredforcecanbecreatedwith the
dipoleorientedin any position.A setof quadraticequationsfor thecurrent-forcerelationsarises.This
configurationrepresentsthe mosteconomicalforce for currentcase,sincethe bestdipoleorientation
canbeused.

2. NoSkidSeed.Theseedis prolatewith themagnetizationalignedalongthemajoraxisfor thiscase.To
causetheleastdamageto tissueastheseedmoves,thedipolemustbeanti-parallelto thedesiredforce
direction.

3. LimitedSkidSeed.Theseedisagainprolate.However, misalignment(skidding)boundedby aspecified
maximumangleis toleratedin exchangefor a solutionrequiringlowercurrents.
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5.1 Unlimited Skid Seed

Theconstraintthatthedipolemomentis alignedwith theflux densityfield is writtenas

m #%$m $$ b $ b (18)

Substitutingfrom (5), thedipolemomentin matrix notationis

m # γBi&
i ' B' Bi

(19)

whereγ ( $m $ . Combining(19)with thepreviouslydevelopedcurrentto forcerelation(8) yields

f j # γ i ' B' D j i&
i ' B' Bi

(20)

Thenumeratorof (20) is quadraticin i. For easeof manipulation,it is preferableto manipulatequadratics
in termsof operationson symmetricmatrices.Any squarematrix canbe representedasthe sumof a sym-
metricandananti-symmetricmatrix [11]. A quadraticformedfrom theanti-symmetricpart is alwayszero;
therefore,only thesymmetricpartof B' D j contributesto i ' B' D j i. DefineM j asthesymmetricpartof B' D j :

M j # 1
2 ) D' jB * B' D j + (21)

Theforcerelationscannow bewritten in termsof thesymmetricmatricesM j andB' B:

f j # γ i ' M j i&
i ' B' Bi

(22)

Theproblemof producinganarbitraryforceon theseedis now thatof finding an i thatsatisfies(22) for
anarbitrary f . Generally, thereexist many possiblei thatsatisfy(22), since(22) representsthreeequations
for six unknowns. This impliesup to a three-dimensionalmanifoldof solutionsfor i. More equationsmust
bespecifiedto ratethedesirabilityof thevalid solutionssothatthemostefficient solutionis chosen.

Onepossiblemeasureof solutionquality is costfunctionC:

C # i ' i&
i ' B' Bi

(23)

Minimization of C over thesetof i thatsatisfies(22) is a trade-off betweenminimizing thecurrentsneeded
to producea forceandstronglyaligningtheseed.

Theproblemof minimizingC over i subjectto (22)canbeaddressedusingaLagrangemultiplier formu-
lation [10]. Definingλ1 , λ2, andλ3 asLagrangemultipliers, theconstraintequationscanbecombinedwith
costfunctionC to form a new costfunctionĈ whichcanbeminimizedin theusualunconstrainedfashion:

Ĉ # i ' i&
i ' B' Bi

* 3

∑
j - 1

λ j . γ i ' M j i&
i ' B' Bi / f j 0 (24)

Thecoordinatetransform
i # c

&
c' B' Bc (25)

simplifiestheoptimizationproblemconsiderably. Equation(24) written in termsof thenew currentvectorc
is

c' c * 3

∑
j - 1

λ j ) γc' M jc / f j + (26)

Conditionsfor anoptimumarethen

c * γ ) λ1M1 * λ2M2 * λ3M3 + c # 0
γc' M1c / f1 # 0
γc' M2c / f2 # 0
γc' M3c / f3 # 0

(27)

Equations(27) are a set of 9 equationsfor 9 unknowns. This systemcan be solved for c and λ usinga
Newton-Raphsoniteration[10].
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Figure2: MSSseedin stableno-skidorientation.

5.2 No-Skid Seed

Again, it is requiredthatm andb areparallel.The“no-skid” constraintadditionallyrequiresthat thedipole
mustbe stablyalignedalongthe directionof motion. As a matterof convention,m is chosento be anti-
parallelto f in thestableconfiguration,implying thatb shouldalsobeanti-parallelto f. This conventionhas
beenadoptedbecauseit matchesthedesignof existingseedsusedfor pulling cathetersin theMSS.However,
thesolutionfor theoppositeconventionis easilyobtainable.Thequadraticform of (22) guaranteesthat the
sameforce is producedregardlessof the sign of i. However, from (5), a changein the sign of i resultsin
a reversalof field direction. The sameforce is produced,but the stabledipole orientationis rotated180o.
Therefore,thenegative of thesolutionunderthepresentconventionis thesolutionfor thesameforceresult
with m stablyorientedparallelto b ratherthananti-parallel.

Without lossof generality, let fd be a unit force in the desiredforce direction. If the seedis properly
aligned,

m 132 γfd

b 132 αfd
(28)

whereα is somepresentlyunknown but positive realnumber, ensuringthat theseedis stablyaligned.This
orientationis picturedin Figure2. Further, from (9) and(5) wecansubstituteandform thefollowing system
of equationsthatis linearin i: 4

K 5 p 6�2 γfd 7
B5 p 7 8 i 1%9 fd2 α fd : (29)

or moreconciselyas

Gi 1 d where G5 p 6 fd 7 1 4 K 5 p 6�2 γfd 7
B5 p 7 8 and d 5 α 7 1;9 fd2 α fd : (30)

if the seedis properlyalignedandthe correctforce is produced.For a givenpositionspecifiedby p anda
desiredforcedirectionf, G is auniquelydetermined6 < 6 matrix. If G is nonsingular, thesetof i thatsatisfies
(29) is

i 1 G= 1d 5 α 7 (31)
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However, an appropriatevaluefor α hasyet to be determined.The only constrainton α is that it must
bepositivesothatthestablealignmentof theseedmatchestheattitudeassumedin (29) for formingK. (If α
is negative, thestableorientationrotatesby 180o, changingthesignof theK matrix. Theresultingforce is
thentheoppositeof thedesiredforce.) Any arbitrarypositive realα is a valid solution,but somesolutions
aremoreeconomicalthanothersto realize.Oneway to chooseα is suchthatα minimizesi > i over thesetof
valid i. Equation(31)canbedirectlysubstitutedinto costfunction i > i:

i > i ? d @ α A > @ GB 1 A > GB 1d @ α A (32)

Equation(32) is a quadraticin onevariable,α. Theextremumof this quadraticmustbea minimumsincei > i
goesto C ∞ asα goesto D ∞.

Perhapsthesimplestclosed-formrepresentationof theoptimalα usesthesingularvaluedecomposition
[11] of G:

G ? UVW> (33)

U andW areorthonormalmatrices.V is a diagonalmatrix whoseentriesareall greaterthanor equalto zero
andarearrangedin non-increasingorder. Thecolumnsof U representa basisfor the outputof Gi, andthe
diagonalentrycorrespondingto acolumnof U representstheinverse“cost” of realizingaunit outputparallel
to thatcolumn.Substituting(33) into (32)andminimizing with respectto α yields:

αopt ?FE f >d 0 G U V B 2U >IH 0
fd JE 0 f >d G U V B 2U > H 0
fd J (34)

Thereis, however, no guaranteethatαopt is positive. Parameterα shouldthenbechosenas

α ? maxK αopt L αminM (35)

whereαmin is an arbitrarily chosenminimum acceptablepositive value,therebyensuringthat the dipole is
properlyorientedandadequatelyaligned.

In certainpathologicalcases,G is not invertible. Theseinstancesmostoftenoccuralonglinesof sym-
metry. For someof thesecases,however, ananswersatisfying(29) maystill exist. With thesingularvalue
decomposition,(29)canbere-arrangedas

VW> i ? U > d @ α A (36)

If G is of rank5 ratherthanof rank6 (andthereforesingular),thelastdiagonalentryin V is zero.Thecostto
realizeanoutputwith any componentalongthelastcolumnof U is thereforeinfinite. For a solutionto exist,
α mustbepickedto satisfythe lastequationin (36) (thevectord mustbeperpendicularto theunrealizable
outputvector):

0 ? u> d @ α A N α ? u>IH fd
0 J

u> H 0
fd J (37)

whereu is the lastcolumnof U . If (37) yieldsα O 0, a solutionthatsatisfiestheno-skidconditions(andis
perpendicularto theunrealizablespaceof outputs)exists. It is alsointerestingto notethatαopt (34)converges
to (37)asG becomessingular.

In the singular case,there are multiple ways to produceany realizableoutput, since there is a six-
dimensionalspaceof inputsanda five- dimensionalspaceof outputs.It canbeshown thatthemostefficient
way (in an i > i sense)to producethesolutionfor thesingularcaseis

i ? WP P P> VPQ B 1
P> U > d @ α A (38)

whereP is theidentity matrixwith thelastcolumnremovedandα satisfies(37).
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5.3 Limited-Skid Seed

Underlimited skidconditions,somemisalignmentbetweenm and R f is consideredacceptable.In this case,
b is chosensothatthedipoleis stablyorientedat a smallmis-alignmentwith -f. Thedesiredb directioncan
bethoughtof asthedirectionof f rotatedthroughsomesmallanglesaboutvectorsperpendicularto f.

Defineanew referenceframeE suchthatST U e1

e2

e3 V WXZY T

ST U n1

n2

n3 V WX whereT Y\[] e11 e12 e13

fd̂ 1 fd̂ 2 fd̂ 3_
e12 fd̂ 3 R e13 fd̂ 2 ` _ e13 fd̂ 1 R e11 fd̂ 3 ` _ e11 fd̂ 2 R e12 fd̂ 1 `bac (39)

wheree1 is somearbitrarily chosenunit vectorsuchthat

e11 fd̂ 1 d e12 fd̂ 2 d e13 fd̂ 3 Y 0 (40)

Unit vectorse1 ande3 areperpendicularande2 is parallelto thedesiredforcedirection.Define

f̂d e _ R sinε2 ` e1 d _ cosε1 cosε2 ` e2 d _ sinε1 cosε2 ` e3 (41)

Anglesε1 andε2 representsmall rotationsaboute1 ande3 respectively. Vectorf̂d is fd misalignedby ε1 and
ε2. With respectto theE frame:

f̂d
_
ε1 f ε3 ` Y T g ST U R sinε2

cosε1cosε2

sinε1cosε2 V WX (42)

Insteadof (28), theconditionsnow requiredare

m Y R γf̂d

b Y R αf̂d
(43)

so that thedipole is stablypositionedandmisalignedwith R fd by a smallamount.Theseconditionsimply
thelinearsystem

Gi Yih fdR α f̂d j where G
_
p f f̂d ` Ylk K

_
p f R γf̂d `
B
_
p ` m (44)

Thesolutionsfor i andanappropriateα proceedexactly asfor theno-skidcase,givensomearbitraryvalues
of ε1 andε2.

A convenientlimit on theallowableskid is

ε2
1 d ε2

2 n ε2
max (45)

whereεmax is thelargestallowableskidangle.A searchcanthenby madeovertheallowableregionof ε’s for
themosteconomicalsolution.

6 Examples

As a demonstrationof the above solutions,the procedureswill be appledto the MagneticStereotaxisSys-
tem (MSS). Sinceeachproblemis posedover a five-dimensionaldomainspaceof independentvariables
(consistingof seedlocationcoordinatesandtwo degreesof freedomto orienttheforcedirection),anexhaus-
tive comparisonunderall operatingconditionsis impractical.However, merelyexaminingseveralrandomly
chosenpointsin theoperatingregion is sufficient to revealsomeof thecharacterof eachsolution.

Beforespecificoperatingpointscanbe tested,the generallayout andspecificationsof the MSS must
be described.This machineconsistsof six largesuperconductingcoils arrangedon the facesof a flattened
cubicalstructure,asdepictedin Figure3. A right-handedcoordinatesystemis definedasshown in thefigure.
Eachaxisof thecoordinatesystemextendsthroughthecenterof a pair of coils. Theorigin of thecoordinate
systemis locatedat thecenterof themachine.Fluoroscopesfor sensingseedpositionarealignedalongthe
X R andY R axes,andthepatient’sheadentersthemachinealongtheZ R axis.
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Figure3: MagneticStereotaxisSystem.

Coil Dimensions
X o Y axes Z axis

InnerDia. 28.00cm 32.10cm
OuterDia. 37.20cm 41.10cm
Thickness 7.01cm 3.72cm
Distancebetween
coil faces 45.69cm 29.38cm
turns/cm2 207.2 207.2
Max. current 100A 100A

Table1: MSSCoil Dimensions

Due to ergonomicconstraints,thecoils centeredon theX p andY p axesareidentical,whereasthe two
coilscenteredontheZ p axisareslightly flattenedandclosertogether. Thephysicaldimensionsof thesecoils
aregiven in Table1. Oneseedemployedin theMSShasa strengthof 0.016A qm2. This seedis a circular
cylinder approximately3 mm in diameterand3 mm tall. Roundedplasticendpiecesareusuallyattachedto
decreaseresistanceto seedmotion. More detaileddescriptionsof the device, associatedpower electronics,
andperformancearecontainedin [2], [6] and[7].

Theoperatingregionof theMSSlieswithin aboxthatextendsfrom -10cmto 10cmontheX- andY-axes
andfrom -14 cm to 6 cm on theZ-axis. Insidethis region, a setof four randompointsandforcedirections
havebeenchosen.Two morespecificallychosenpointsareincludedbecausethey representinterestingspecial
caseswheretheG matrix is singularin theno-skidcase:Thesepointsaresummarizedin Table2.

For theno-skidandlimited-skidcases,thereis no a priori basisuponwhich to assumethetheminimum
acceptablevalueof α necessaryto properlyalign thedipole.Thisvalueshouldmostproperlybedetermined
experimentally. In theabsenceof theseexperimentalresults,αmin will beassumedzeroarbitrarily, sincethis
is thelowestpossiblevaluefor maintaininga properdipolealignmentoncethatalignmentis achieved.
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# Point Forcedirection
1 r 1.50, 7.40, -4.68s r -0.936, 0.338, -0.094s
2 r 2.88, 2.09, -2.89s r 0.736, -0.624, 0.259s
3 r -5.78, 0.28, -4.34s r -0.101, -0.678, -0.727s
4 r 4.15, -7.29, 6.79s r 0.456, -0.234, -0.858s
5 r 5.00, 5.00, 0.00s r 0.707, 0.707, 0.00 s
6 r -3.30, -4.23, 5.04s r 0.506, -0.046, 0.860 s

Table2: Testpointsanddesiredforcedirections

Currents,A/N
# -X +X -Y +Y -Z +Z αopt

1.1 20161 20165 1389 13041 14300 15803 0.
1.2 -3847 4082 5616 -1675 -990 639 40.7
1.3 -3735 -5304 -3057 -3112 -2348 -1571 0.
1.4 6496 6580 5000 2805 2506 4002 0.
1.5 669 -16 669 -16 -1359 -1359 0.85
1.6 - - - - - - -4.18

Table3: Coil currents,no-skidcase.

6.1 No-Skid Case

UndertheNo-Skidconditions,currentsaredeterminedby solvingthelinearequation(29). Thevalueof the
arbitraryparameterα is chosento bethegreaterof theα thatminimizes(32) or αmin. Eachof thepointsin
Table2 areconsideredundertheNo-Skid conditions,andthe solutioncurrentsaresummarizedin Table3.
Examples(1.1-1.4)representthe typical solutionsto (29). Example(1.1) is found to requireenormously
high currents,whereasotherpositionsarelessexpensive. It is interestingto notethat thereis no particular
propensityfor αopt assolvedby (34) to turn out positive. In threeof theseexamples,thearbitraryvalueof
αmin hasto beimposedfor a properlyalignedsolution.

In examples(1.5)and(1.6), theG matrix of (29) is singular. Thesetwo arespecificallychosenbecause
(1.5) is a well-behavedsingularity, and(1.6) is ill-behaved. Example(1.5) is typical of singularitiesin the
MSSthatarisefrom symmetry. Thesesingularitiesoccurwhentheseedis locatedon a planeof symmetry
and the desireddirectionof motion is alsowithin the planeof symmetry. In thesecases,the G matrix is
singular, but theunachievablespaceis perpendicularto all d t α u vectors,implying (37) is uniformly satisfied
for all alpha.Thechoiceof α is againarbitrary, andagoodsolutionresults.Example(1.6),however, doesnot
yield ausablesolution.When(37) is solvedfor theα thatyieldsananswerperpendicularto theunachievable
space,thatα is negative– theonly realizablealignmentof theb vectorwith f hasthewrongorientation.

If singularitiessuchas(1.6)werearareoccurrence,astrategy wouldbeto simplycatalogandavoid them.
However, this is not thecase.Everypointhassomedirectionsthataresingularor badlyconditionedin aMSS
with six coils. For example,considerrotationsof the desiredforcedirectionin (1.2). Let anglesε1 andε2

representrotationanglesaway from a nominalposition,asdetailedin Section5.3. Figure4 representsthe
2-normof thecoil currentsrequiredto realizea no-skidforce in thedirectionof (1.2) rotatedby ε1 andε2.
Fromthis figure, it is evident thateven thoughthe specificdirectionconsideredin (1.2) is nonsingularand
well-behaved,many otherpossibleforcedirectionsproducedfrom thesamepointareverybadlybehaved.

6.2 Limited-Skid Case

For the limited-skidcase,a mis-alignmentof up to 20o is arbitrarily deemedtolerable.UndertheLimited-
Skid conditions,currentsaredeterminedby solving(44) on a fine grid of perturbedseedorientationsinside
the allowableskid region. At any particularseedorientation,the solutiononly requiresthe inversionof a
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Figure4: 2-normof coil currentsversusforceorientationfor example1.2.

Currents,A/N
# -X +X -Y +Y -Z +Z αopt ε

2.1 1196 855 856 191 -477 -1717 0. 19.9o

2.2 -431 1068 1721 154 -778 -1671 8.05 19.9o

2.3 -610 -2755 971 730 441 917 0.94 8.49o

2.4 3052 2709 1533 -1073 1994 1698 0. 18.04o

2.5 669 -16 669 -16 -1360 -1360 0.85 0.o

2.6 600 1282 -574 -2089 1214 577 0.97 8.94o

Table4: Coil currents,limited skidcase.

6 v 6 matrix. At eachorientation,thevalueof thearbitraryparameterα is chosento bethegreaterof theα
thatminimizes(32) or αmin. Theorientationwith thelowestrequiredi w i is thenchosenasthesolution.Each
of theseedlocationandforcedirectionpairsin Table2 is consideredundertheLimited-Skidconditions,and
thesolutioncurrentsaresummarizedin Table4.

In general,thereis a marked improvementin the currentlevels requiredfor a given force. For instance,
example(2.1), shows an order-of-magnitudedecreasein the peakrequiredcurrent. The other examples
exhibit a similar improvementin performance.Only (2.5) remainsunchanged;the locally most efficient
orientationis the no-skidorientationfor this particularexample. Of specialnote is example(2.6). In the
no-skidconfiguration,no solutionexisted.With lessthan10o of mis-alignment,however, this examplehasa
fairly economicalsolution.

Theimprovementsin solutioneconomyrely onthefactthateconomicalorientationsareoftenquiteclose
to orientationsthatareprohibitively expensive to realize.In theparticularcaseof (2.1), theno-skidsolution
is quiteexpensive. In Figure5, it canbeseenthattheno-skidorientation(at thecenterof thefigure)liesvery
closeto aridgeof singularities.By allowing mis-alignment,anattitudeat thefaredgeof thefigureandaway
from thesingularitiesis used.
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Figure5: 2-normof coil currentsversusdipoleorientationfor example2.1.

Currents,A/N
# -X +X -Y +Y -Z +Z αopt ε

3.1 -1832 -273 69 1116 1025 226 9.73 90.58o

3.2 135 -1442 1334 -251 -226 2290 9.08 103.68o

3.3 362 -298 1537 -277 -953 -784 8.69 83.75o

3.4 -1132 942 -1423 993 2210 -724 16.78 57.81o

3.5 -31 -849 31 849 0. 0. 8.09 90.o

3.6 -459 1439 254 -297 91 -1186 10.8 118.02o

Table5: Coil currents,unlimitedskidcase.

6.3 Unlimited-Skid Case

The dipole orientationwill now be consideredunconstrained.Insteadof simply solving linear equations,
theunconstraineddipoleorientationrequiresthesolutionof (27). A Newton-Raphsoniterationstartingfrom
a randomlychosensetof currentswasusedto solve this equation. Therearetypically a finite numberof
local minima(usuallyaboutfive) to which this iterationcanconverge,sotheiterationwasrun severaltimes
to ensurea global minimum. The resultsfor this scenariocorrespondingto the testpoints in Table2 are
summarizedin Table5.
As with the limited-skid case,the unlimited skid caseproduceda valid result for eachcase. The current
magnitudesareroughlyequivalentto theresultsof thelimited-skidcase,but eachexamplenow hasanα of
around10; to realizetheseαmin of 10in thelimited skidcasewould increasetherequiredcurrentmagnitudes,
possiblyconsiderably.

A similar solutionto theunlimitedskid casewould beobtainedby applyingthe limited-skidconditions
overε’s rangingfrom x 180o to 180o. Thevalueof αmin wouldagainbeexplicitly chosen,anoptionthatdoes
not exist in thequadraticformulation.

7 Conclusions

Threetypesof solutionhave beenpresentedfor the purposeof applyingan arbitraryforce to the magnetic
dipolein a magneticstereotaxissystem.Theno-skidcase,assumingthat theforceanddipolemomentwere
anti-parallel,requiredlargecurrents.Theno-skidconstraintis overly restrictive andleadsto problemswith
singularitiesarisingfrom coil placement.The limited-skidcase,however, is ableto solve for currentsaway
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from thesingularitiesby toleratinganerrorin alignment.A largereductionin requiredcurrentswasobserved
in the specificexamplesconsidered.Likewise, the unlimited skid caseallows an arbitrarydegreeof mis-
alignment.Currentlevelsin testexampleswereroughlyequalto thoseof thelimited-skidcase,but thedipole
alignmentwasmuchstrongerin theunlimitedskidcase.

Therearesomefurtherconsiderationsaboutwhich particularsetof alignmentconstraintsto implement
in a working magneticstereotaxissystem.For usein hyperthermiatreatments(wherethereis no catheter),
thebestapproachmight beto usea sphericalseed(suchthat thereis no preferentialorientation)andchoose
forcesby eitherthelimited-skidor unlimitedskid conditions.Thecatheterplacementmission,however, has
additionalcomplicatingfactors.For example,thecathetermaybesostiff asto preventcorrectalignmentof
the dipole with the field. Additionally, it is not guaranteedthat the skid-attitudeof a capsule-shapedseed
wouldremainconstantduringmotion.Contactforcesfrom thebraintissuemightdeflecttheseedandchange
theresultingforcedirection.

Someof theabove limitationsmightbeaddressedwith designchangesin theMSS.For example,operat-
ing in theno-skidmodemaybepossibleif theMSSwerebuilt of many smallcoils ratherthanjust six large
coils. If this werethecase,theG matrix would containextra columnsandwould beinvertedusinga Moore-
Penrosepseudoinverse[11] in (31). Thechancesof encounteringa pathologicalconditionthatwould reduce
therankof G to 5 wouldthenbemuchlower. Likewise,individualcoil currentswouldgodown becausethere
wouldbemorecoils actingin concertto producetheforce.

For the casesallowing skid, a cathetertip with a universaljoint would allow an arbitraryskid without
interferencefrom thecatheteror from contactforces.Thefabricationof sucha device might be,however, a
considerableproblemin itself.

Severalothertheoreticalissuesremainto beconsideredin futurework. Thepresentwork hasconsidered
only staticforcesproducedat a point in thehelmet;thetime-basedproblemof optimizingcurrentswith the
goalof minimizingquenchrisk hasyetto beconsidered.In addition,theoptimalityof thepresentapproachis
only point-wise;althougheachpointonatrajectoryis optimized,it maybethattherearealternatetrajectories
thataremuchcheaperin thesenseof transittimewith adequatequenchsafetymargin.
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