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Abstract

Very small implantedpermanenmagnetsgguidedby large electromagneticoils have beenproposed
previously as a methodfor delivering hyperthermiato or guiding cathetershroughbrain tissue. This
procedurds termed“magneticstereotaxi$. Early efforts emplo/ed a single coil on a movableboom, a
designthat proved logistically difficult to use on humanpatients. The presentwork dealsinsteadwith
a designwhereseveral stationarycoils are emplg/ed to develop a force on the implantedmagnet. The
coil current-to-forcerelationshipis developedfor this type of machine,and several optimal solutionsfor
realizingan arbitrary staticforce are presentedor variousconstraintson the orientationof the implanted
permanenimagnet.Costsof thedifferentsolutionsarecomparedn severalexamplesusinga mathematical
modelbasedon the MagneticStereotaxisSystem(MSS) developedby StereotaxisInc., the University of
Virginia,andWangNMR.

1 Introduction

Magneticstereotaxiss anovel therapeutienethodologyfor thetreatmenbf braintumorsandotherneurolog-
ical problems.The fundamentaldeaof magneticstereotaxiss thatlarge electromagneticoils canbe used
to guidea small pieceof implantedpermanentnagneticmaterial(a “magneticseed”)alongsomearbitrary
trajectorythroughbraintissue.Incidentaldamages reducedy selectinga paththatavoidsimportantbrain
structuresOncetheseedhasheenmaneueredinto atumor, theseeds heatednductively by high-frequeng
magnetidfields. This heatingresultsin highly localizedcell death.By successie movementsandheating,a
tumor could be destryed with little damageo the surroundingtissue[1]. Alternatively, the magneticseed
could be usedto guidethetip of a catheter This catheterwould thenbe usedto deliver drug treatments
directly to sitesinsidethebrain[2][3].

Previouseffortsin magneticstereotaxisisedasinglemovablecoil to actupontheimplantedmagnet.This
arrangemenproved successfuln experimentsusinglive dogs[4]. Scalingthe device to work on humans,
however, hasbeendifficult. The sizeandweightof the requiredcoil interferewith the necessarpi-planar
fluoroscopesndmalke precisionmanipulationmpracticalin an operatingroomervironment[2] [5].

Subsequergfforts have focusedjnstead uponanarrangemensf stationarycoils, asshavn in Figurel.
Sincethe coils areoperatingin aregion of uniform, linear magneticpermeability the fields of the coils are
additively superimposedipononeanother With a properselectionof currents,a wide rangeof forcescan
be appliedto themagneticseed.Onesuchdevice, the MagneticStereotaxiSystem(MSS) developedby the
University of Virginia, Stereotaxisinc., andWangNMR, Inc., hasbeenbuilt andis currentlyin the process
of testing[6] [7]. This device usesaroughlycubicarray(or “helmet”) of six superconductingoils.

Severalproblemsprecludethe closed-loopontrolof machinesuchasthe MSS. First, the superconduct-
ing coils of sucha machinehave a largeinductance Secondthe currentsinsidethe coils cannotbe changed
fasterthana certainrate(makingchangesn currentdifficult andcostly),or thecoilswill becomeheatedand
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Nomenclature

Denotegranspose. M Sphericakeedcurrent-to-forceamatrix.
a Magneticvectorpotential. m Columnmatrix of dipolemomentcomponents.
b Vectorflux density n ]EJnit vector defining helmet-fixed reference
rame.
b Columnmatrix of flux densitycomponents. .
) ) p Positionvector
B Current-to-fluxdensitymatrix. ) . )
] P Identity matrix lackinglastcolumn.
c Transformedtoil currents. ) ] )
] r Vector from differential currentvolume to field
C Costfunction. point.
d Columnmatrix of desiredforce andfield. t Torqueon dipole.
D Matrix of flux densityderivatives. T Transformatiommatrix.
e Unit vectordefiningframealignedwith desiredorce. (; v/ yy Sing. val. decompositionof G
,V, .val. .
f Vectorforceondipole. v Unrealizablevectorof singularG.
f Columnmatrix of force components. xy,z Componentsf p.
G Dipole constraintsnatrix. a Flux densityto forceratio.
i Coil currents. € force— flux misalignmentngle.
) Vectorcurrentdensity y Magnitudeof m (const.for agivenseed).
K Current-to-forcematrix. A Lagrangemultiplier.
Vectordipolemoment. u Magneticpermeability

losetheir superconductity — a catastrophidailure known as“quench”. Lastly, thetissuethroughwhich the
seedmovesis moderatelyheterogeneouseadingto significantmodeluncertainty Due to thesedifficulties,
anopen-loopcontrolschemenasbeenchosen.

In the open-loopcontrol scheme movementof the seedproceedsn small steps. The stepsare short
enoughthat variationsin the current-to-forcerelationshipsdue to seedmovementcan be ignoredandthe
effects of modelingerrorsremainsmall. The static currentsolutionsaddressedn this work then can be
assumedo apply over the entirelength of the seeds movement. The schemeconsistsof first determining
a setof currentswhich appliesa force in the desireddirectionof motion. The magnitudeof this setof coil
currentss thenrampedup anddown once resultingin asmallmovementf theseed Magnitudeandduration
of thecurrentrampingarechosersothatthe seedwill typically move acentimeteror lessduringeachpulse.
After eachpulse,the seeds positionis determinedy fluoroscopesndis assessebly the operator A new
force directionis thenchosento continueprogresgoward the ultimatetarget. A similar open-loopscheme
consistingof successie smallseednotionshasbeenusedsuccessfullyn sumgicaltrials of thesinglemovable
coil MSS[4] andin on-axismovementsof the six-coil MSS[6].

Previously, the control schemdacked predeterminedonstrainton the selectionof currentdeadingto a
forcein the desireddirectionof movement. Selectionthereforeproceededomavhat heuristically compli-
catingthe machines operation.The presentwvork addressethe problemof the selectionof currentsneeded
to realizeanarbitraryforcein the generaklassof stationary-coimagneticstereotaxisystemsThe current-
to-forcerelationshipfor suchdevicesis first characterizedThreeclasse®f solutionsfor the currentsneeded
to produceanarbitraryforcearepresentedior corveniencea six-coil MMS is specificallyaddressediow-
ever, thesesolutionscanbe easilyextendedto a machinewith morethansix coils. Thesesolutionsassume
differentconstrainton the orientationof theimplantedmagnetrelative to the directionof the desiredforce.
Seeddrientationis especiallyimportantwhenacatheteis beingpulled; misalignmentancausainacceptable
damageto braintissueduring seedmotion. It will be shovn thatthe problemis usuallyunderconstrained,
implying the existenceof mary solutionsfor ary givenforce orientation. An optimal solutionis chosenin
eachcaseon the basisof a quadraticmeasureof the coil currents. Solutionsundereachsetof alignment
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Figurel: Schematiof multi-coil MSS.

constraintarethendemonstratethroughsereralillustrative examplesusingthe specificconfiguratiorof the
MagneticStereotaxisSystem.

2 Governing Dipole Equations

Sincethedimension®of the permanenmagnetseedarevery smallcomparedo the sizeof the superconduct-
ing coils, theseedcanbeidealizedasa pointdipole. The magnetigropertiesof the seedaresummarizedy
theseeds dipolemomentm. Thedirectionof this vectoris the sameasthedirectionof magnetizationn the
seed.Themagnitudeof m is the productof the magnetizatiorandvolumeof the seed.

Derivation of the forcesandtorqueson a dipole dueto an appliedmagneticfield canbe found in the
literature[8]. Definingp asa positionvectorlocatingthe seedrelative to the centerof the helmet,theforce
ontheseeds

f(p) = O(m-b(p)) )
andthetorqueis
t(p) = mx b(p) @

3 Formulation of Current-to-Force Relationships

Equations(1) and (2) specify the force andtorquerespectiely on the dipole seed,but they do not imply
ary particularbasisin termsof which thesevectorsarerepresentedA computationallyusefulform of these
equationcanbe obtainedby defininga basisof orthogonalvectorsni, n, andns thatarefixedatthe center
of thehelmet.With thesevectors define

p = Xni+yn2+2n3
f = fing+ fang + f3n3
b = bini+bono+bsng

Sincem is notafunctionof p, (1) canbewrittenin matrix form as

ob
fj_ = n‘(&
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fo = m— (4)
ob
f3 = n‘(E

where(’) denotegdranspose.

Equation(4) defineghefield-to-forcerelationin a particularreferencdrame,but the connectiorbetween
coil currentsandthe magneticfield (b) muststill be defined.Sincethe permeabilityof the seeds very close
to that of free space,it is appropriateto characterizehe field at a point asa linear superpositiorof field
contributionscreatedby eachof the six coils. Furthermorethe contribution of ary particularcoil is linearly
proportionalto the currentin thatcoil. Therelationshipbetweercoil currentandfield canthenbe concisely
representedh matrix notationas

b(X7 Y, Z) - B(X7 Y, Z)I )

wherei is acolumnmatrix of coil currentsandB is a3 x 6 matrix dependenon seedposition. Thek" column
B representshe contribution of the k" coil to thefield at (x,y, z) in responseo a unit of currentin the coil.

Spatialderivativesof thefield alsofollow the samerule of superpositionCoil currentsarerelatedto these
derivativesby the differentiationof (5):

g—vt:/ = [W} [ where  w=Xx,y,z (6)
Defining
Dlzg—li; Dzzg—s; 3:3—3 (1)
andreferringto (4), a particularforcecomponents
fj = mD;i (8)

For agivendipole orientation all force componentganbe collectedinto the expression

f =K(p,m)i 9)
where
mDy
K(p,m) = | mD2 (10)
m D3

4 Determination of the Magnetic Field

Thedeterminatiorof the elementof the B andD matricesis not a trivial taskanddeseressomecomment.
In the mostgenerakasefinding the magnetidield produceddy a coil involvessolving Maxwell’s equations
for the specialcaseof magnetostatifields (summarizedfor example,in [9]). Theseequationsare:

1
“Oxb=] 11
m j (11)

0-b=0 (12)
wherej is vectorcurrentdensity By definingb in termsof vectorpotentiala as
b=0xa (13)
equationg11l)and(12) arebothsatisfiedf thevectorpotentialsatisfies

1, .
—~[Pa= 14
m ] (14)



The MSS, however, is specificallybuilt only of materialsthathave a magneticqpermeabilityvery nearthatof
free space In the caseof uniform permeabilityp,, the contribution of a differentialvolumeof currentto the
vectorpotentialhasthe solution .
Ho |
da = 4T[|r|dV (15)
wherer is a positionvectorfrom the differentialcurrentelemento the point of interest.The currentdensity
is alinearfunctionof currenti flowing throughthe coil.

(# of turns)
(coil cross-sectionarea)

Flux densityin termsof coil currentis found by differentiatingaccordingto (13) andsubstitutingfrom (16).

_ bl (xr
db = 7> < e ) dv (17)

Thisrelationis commonlyknown asthe Biot-Savartlaw. Equation(17)is numericallyintegratedoverthe
volumeof acoil to obtainthetotalfield producedoy thecoil. Since(17)is alinearfunctionofi, thefield can
be computedor a unit of currentandthenscaledfor ary othercurrent. Becausg14) is alinear differential
equationthetotal field canbe determinedy the superpositiorof the contributionsfrom individual coils.

For efficientsimulationof theMSS, thefield is computedor grid of pointsatdifferentradialandaxial po-
sitionsrelative to the coil of interest.Thefield ata particularpointis approximatedy interpolatingbetween
known field values.If a suitablysmoothinterpolationanda fine enoughgrid is used,goodapproximations
of thefield derivativescanbe obtainedby differentiatingthe interpolationfunctionsusedto approximatehe
field.

j=ij where [j|= (16)

5 Coil Current Solution

In this work, several forms of thei to f relationhave beenpresented.Theseforms canbe usedin several
differentapproacheto the problemof finding asetof currentshatrealizesadesiredorceontheseed.Three
differentscenariosill be consideredeachapproacttonsiderdlifferentconstraintson the seedorientation.

It is assumedor eachconfigurationthatthe resistancef the seedto rotationis negligible, ashasbeen
obsened experimentally[4] [7]. From (2), it canbe notedthattorqueon the seedis zeroonly whenm is
alignedwith b. Furthermoreif m is parallelto b, a small perturbationin m producesa torquethattendsto
re-alignm andb. Thecorverseis trueif m is antiparallelto b. Sincethe seedis freeto rotate,it will align
with theonly stableequilibriumorientation:m || b. Sincethereis aconsiderabl¢hresholdforcethatmustbe
appliedbeforetranslationamotion begins, the seedis assumedo line up with b beforeary changen seed
positionoccurs.

Generallytheseeds prolate, andthemagnetizatiornis alignedalongthemajoraxis. If acatheteis pulled,
it is attachedon one of the endsof the major axis. To minimize tissuedamagethe field andforce should
bedirectedalongthe sameine sothatthe seedpresentthe smallestipossibleprofile andminimizesdamage
to tissue. Misalignmentbetweenthe force and field vectorsis called “skidding” Although no skidding
at all is desirablethe currentsrequiredto realizethis constraintare often unacceptablyarge. However,
someskiddingmight betolerablein exchangeor lower currentrequirementsThreescenariosaretherefore
consideredvhich imposedifferentconstrainton the amountof skiddingallowed.

1. UnlimitedSkidSeed Sincetheseedttitudeis notconstrainedthedesiredorcecanbecreatedvith the
dipoleorientedin ary position. A setof quadraticequationdor the current-forcerelationsarises.This
configurationrepresentshe mosteconomicaforce for currentcase,sincethe bestdipole orientation
canbeused.

2. No SkidSeed.Theseeds prolatewith themagnetizatioralignedalongthe majoraxisfor this case.To
causeaheleastdamageo tissueasthe seedmoves,thedipole mustbe anti-parallelto thedesiredforce
direction.

3. LimitedSkidSeed Theseeds againprolate.However, misalignmen{skidding)boundedy aspecified
maximumangleis toleratedn exchangeor a solutionrequiringlower currents.



5.1 Unlimited Skid Seed

The constrainthatthe dipole momentis alignedwith theflux densityfield is written as
o m

b
Substitutingfrom (5), the dipole momentin matrix notationis

\Bi

b (18)

= 19
Vi'B'Bi (19)
wherey = |m|. Combining(19) with the previously developedcurrentto forcerelation(8) yields
yi’B’Dji
f = L — 1 20
I VBB (20)

Thenumeratoiof (20)is quadratidn i. For easeof manipulationijt is preferableo manipulatequadratics
in termsof operationson symmetricmatrices. Any squarematrix canbe representedsthe sumof a sym-
metricandan anti-symmetrianatrix [11]. A quadraticformedfrom the anti-symmetrigpartis alwayszero;
therefore only the symmetricpartof B'D; contritutesto i’B'Dji. DefineM; asthe symmetricpartof B'Dj:

1
Mj = E(D’jB—s—B’Dj) (21)
Theforcerelationscannow bewritten in termsof the symmetricmatricesM; andB'B:
yi’Mji
— 22
VT 22

The problemof producinganarbitraryforce on the seedis now thatof finding ani thatsatisfieq22) for
anarbitrary f. Generally thereexist mary possiblei thatsatisfy(22), since(22) representshreeequations
for six unknawns. This impliesup to a three-dimensionahanifold of solutionsfor i. More equationsnust
be specifiedto ratethe desirabilityof thevalid solutionssothatthe mostefficient solutionis chosen.

Onepossiblemeasuref solutionquality is costfunctionC:

i'i
c Vi'B/Bi 3)
Minimization of C overthe setof i thatsatisfieq22) is a trade-of betweerminimizing the currentsneeded
to produceaforceandstronglyaligningthe seed.

The problemof minimizing C overi subjectto (22) canbe addressedsinga Lagrangemultiplier formu-
lation [10]. DefiningA1,A2, andA3z asLagrangemultipliers,the constraintequationscanbe combinedwith
costfunctionC to form a new costfunctionC which canbe minimizedin the usualunconstrainedashion:

-1, SA-[ViIMji f} (24)
~ ViBBi J; "lvieei
Thecoordinateransform
i =cvcdBBc (25)

simplifiesthe optimizationproblemconsiderablyEquation(24) written in termsof the new currentvectorc
is

3
dC+ZAJ(yc’Mjcf fj) (26)
=1
Conditionsfor anoptimumarethen
C+YAM1+AoMa+AsM3)c = O
yc’Mlcf fj_ = 0
yc’Mch f2 = 0 (27)
yC’M3C— f3 = 0

Equations(27) are a setof 9 equationsfor 9 unknowns. This systemcan be solved for ¢ andA usinga
Newton-Raphsoiiteration[10].
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Figure2: MSSseedn stableno-skidorientation.

5.2 No-Skid Seed

Again, it is requiredthatm andb areparallel. The“no-skid” constraintadditionallyrequiresthatthe dipole
must be stably alignedalongthe direction of motion. As a matterof corvention,m is chosento be anti-
parallelto f in the stableconfigurationjmplying thatb shouldalsobe anti-parallelto f. This corventionhas
beenadoptechecausd matcheghedesignof existing seedsusedfor pulling cathetersn the MSS.However,
the solutionfor the oppositecorventionis easilyobtainable.The quadraticform of (22) guaranteeshatthe
sameforce is producedregardlesof the sign of i. However, from (5), a changein the sign of i resultsin
areversalof field direction. The sameforce is produced but the stabledipole orientationis rotated18C.
Therefore the negative of the solutionunderthe presentconventionis the solutionfor the sameforce result
with m stablyorientedparallelto b ratherthananti-parallel.

Without loss of generality let fq be a unit force in the desiredforce direction. If the seedis properly
aligned,

m =
b = —C(fdd (28)

wherea is somepresentlyunknovn but positive real number ensuringthatthe seedis stablyaligned. This
orientationis picturedin Figure2. Further from (9) and(5) we cansubstituteandform thefollowing system
of equationghatis linearin i:

K(Da*Wd) I fd
B [ o )
or moreconciselyas
Gi=d where G(p,fq) = [ K(%(;;/fd) } and d(a) :{ 7;dfd } (30)

if the seedis properlyalignedandthe correctforceis produced.For a given positionspecifiedby p anda
desiredorcedirectionf, G is auniquelydetermined x 6 matrix. If G is nonsingularthesetof i thatsatisfies
(29)is

i = G d(a) (31)



However, an appropriatevaluefor a hasyet to be determined.The only constrainton a is thatit must
be positive sothatthe stablealignmentof the seedmatcheghe attitudeassumedn (29) for forming K. (If a
is negative, the stableorientationrotatesby 18C°, changingthe sign of the K matrix. Theresultingforceis
thenthe oppositeof the desiredforce.) Any arbitrary positive real a is a valid solution,but somesolutions
aremoreeconomicathanothersto realize.Oneway to choosen is suchthata minimizesi’i overthe setof
valid i. Equation(31) canbedirectly substitutednto costfunctioni’i:

il =d(a) (G 1YG d(a) (32)

Equation(32) is a quadratidn onevariable,a. The extremumof this quadraticmustbe a minimumsincei’i
goesto 40 asa goesto £,
Perhapghe simplestclosed-formrepresentationf the optimal a usesthe singularvaluedecomposition
[11] of G:
G=UvwW (33)

U andW areorthonormalmatrices.V is adiagonalmatrix whoseentriesareall greaterthanor equalto zero
andarearrangedn non-increasingrder The columnsof U represent basisfor the outputof Gi, andthe
diagonalentrycorrespondingo acolumnof U representtheinverse‘cost” of realizingaunit outputparallel
to thatcolumn. Substituting(33) into (32) andminimizing with respecto a yields:

, _ 0
{f, 01UV 2U’{ ) }

{o f }UVZU’{ £y }
Thereis, however, no guarante¢hatooy is positive. Parameten shouldthenbechoseras
a = maxdopt, Omin] (35)

whereanmiy is an arbitrarily chosenminimum acceptablgositive value, therebyensuringthat the dipole is
properlyorientedandadequatelhaligned.

In certainpathologicalcasesG is not invertible. Theseinstancesnostoften occuralonglines of sym-
metry. For someof thesecaseshaowever, an answersatisfying(29) may still exist. With the singularvalue
decomposition(29) canbere-arrangeas

VWi =U'd(a) (36)

If Gis of rank5 ratherthanof rank6 (andthereforesingular),thelastdiagonalentryin V is zero. The costto
realizeanoutputwith any componentlongthelastcolumnof U is thereforeinfinite. For a solutionto exist,
o mustbe pickedto satisfythe lastequationin (36) (the vectord mustbe perpendiculato the unrealizable
outputvector):

/{ fa }
"\ o
0=u'd(a) = o=—2=x (37)

)

whereu is thelastcolumnof U. If (37)yieldsa > 0, a solutionthat satisfieghe no-skidconditions(andis
perpendiculato theunrealizablespaceof outputs)exists. It is alsointerestingto notethato o (34) corverges
to (37) asG becomesingular

In the singular case,there are multiple ways to produceary realizableoutput, since thereis a six-
dimensionakpaceof inputsanda five- dimensionakpaceof outputs.It canbe shavn thatthe mostefficient
way (in ani’i sense}o producethe solutionfor the singularcaseis

i —=WP [PVP] "PU’d(a) (38)

whereP is theidentity matrix with thelastcolumnremovedanda satisfie37).



5.3 Limited-Skid Seed

Underlimited skid conditions,somemisalignmenbetweenm and —f is consideredicceptableln this case,

b is chosersothatthe dipoleis stablyorientedat a smallmis-alignmenwith -f. The desiredb directioncan

bethoughtof asthedirectionof f rotatedthroughsomesmallanglesaboutvectorsperpendiculato f.
Defineanew referencdrameE suchthat

€1 ni €11 €12 €13
& p=T< np » whereT = fa.1 fa2 fa3 (39)
€3 n3 (e1ofgz—e13fa2) (€13fg1—e11fa3) (erafa2—ewnfqq)

wheree; is somearbitrarily choserunit vectorsuchthat
e11fg1+enfg2 +esfgs=0 (40)
Unit vectorse; andes areperpendiculaende; is parallelto thedesiredforce direction. Define
fd = (—singz)e; + (COsE1 COSER )2 + (SiNEL COSER) €3 (41)

Anglese; ande; represensmallrotationsaboute; andes respectiely. Vectorfy is fg misalignedby €; and
€2. With respecto the E frame:

A —singy
fq(e1,€3) =T'{ coseicosey (42)
Sing; coses
Insteadof (28), the conditionsnow requiredare
m = —yiy
g 43
b = f(de ( )

sothatthe dipoleis stablypositionedand misalignedwith —fg4 by a smallamount. Theseconditionsimply

thelinearsystem .
. fq =y | K(p,—Yfa)
Gi _{ af, } where G(p,fq) = [ B(p) d } (44)

The solutionsfor i andanappropriatex proceedexactly asfor the no-skidcase givensomearbitraryvalues
of €1 andey.
A corvenientlimit ontheallowableskid is

€5+ €5 < Ehax (45)

wheregmaxis thelargestallowableskid angle.A searctcanthenby madeovertheallowableregion of €'s for
the mosteconomicakolution.

6 Examples

As a demonstratiorof the above solutions,the proceduresill be appledto the MagneticStereotaxisSys-
tem (MSS). Sinceeachproblemis posedover a five-dimensionabtlomainspaceof independenvariables
(consistingof seedocationcoordinatesandtwo degreesof freedomto orienttheforcedirection),anexhaus-
tive comparisorunderall operatingconditionsis impractical. However, merelyexaminingseveralrandomly
chosemointsin the operatingregionis sufficient to revealsomeof the characteof eachsolution.

Before specificoperatingpoints can be tested,the generallayout and specificationof the MSS must
be described.This machineconsistsof six large superconductingoils arrangedn the facesof a flattened
cubicalstructureasdepictedn Figure3. A right-handedoordinatesystems definedasshowvn in thefigure.
Eachaxis of the coordinatesystemextendsthroughthe centerof a pair of coils. Theorigin of the coordinate
systemis locatedat the centerof the machine.Fluoroscopesor sensingseedpositionarealignedalongthe
X— andY —axes,andthe patients headentershe machinealongthe Z—axis.



Figure3: MagneticStereotaxisSystem.

Coil Dimensions

X,Y axes Z axis
InnerDia. 28.00cm | 32.10cm
OuterDia. 37.20cm | 41.10cm
Thickness 7.0lcm | 3.72cm
Distancebetween
coil faces 45.69cm | 29.38cm
turns/cnt 207.2 207.2
Max. current 100A 100A

Tablel: MSS Coil Dimensions

Dueto ergonomicconstraintsthe coils centerecon the X— andY —axesareidentical, whereaghe two
coilscenteredbntheZ—axisareslightly flattenedandclosertogether The physicaldimensionof thesecoils
aregivenin Table1l. Oneseedemployedin the MSS hasa strengthof 0.016A-m?2. This seedis a circular
cylinder approximately3 mmin diameterand3 mmtall. Roundedplasticendpiecesareusuallyattachedo
decreaseesistancdo seedmotion. More detaileddescriptionf the device, associategoower electronics,
andperformancerecontainedn [2], [6] and[7].

Theoperatingegion of theMSSlieswithin aboxthatextendsfrom -10cmto 10cmontheX- andY-axes
andfrom -14 cmto 6 cm on the Z-axis. Insidethis region, a setof four randompointsandforce directions
have beenchosen.Two morespecificallychosemointsareincludedbecausé¢hey represeninterestingspecial
casesvherethe G matrix is singularin the no-skidcase:Thesepointsaresummarizedn Table2.

For the no-skidandlimited-skid casesthereis no a priori basisuponwhichto assumehetheminimum
acceptablevalueof a necessaryo properlyalign thedipole. This valueshouldmostproperlybe determined
experimentally In the absencef theseexperimentalkesults,amin will beassumedaeroarbitrarily, sincethis
is thelowestpossiblevaluefor maintaininga properdipole alignmentoncethatalignmentis achieved.
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# Point Forcedirection

1| {150, 7.40, -4.68 | {-0.936, 0.338, -0.094

2| {288, 209, -2.89 | {0.736, -0.624, 0.259

3| {-5.78, 0.28, -4.34}| {-0.101, -0.678, -0.727}

4| {415, -7.29, 6.79} | {0.456, -0.234, -0.858

5| {5.00, 5.00, 0.00} | {0.707, 0.707, 0.00}

6| {-3.30, -4.23, 5.04} | {0.506, -0.046, 0.860}
Table?2: Testpointsanddesiredforcedirections

Currents A/N
# -X +X -Y +Y -Z +Z Oopt

1.1| 20161 20165 1389 13041 14300 15803| O.
1.2| -3847 4082 5616 -1675 -990 639 | 40.7
13| -3735 -5304 -3057 -3112 -2348 -1571| O.
14| 6496 6580 5000 2805 2506 4002 | O.
15| 669 -16 669 -16 -1359 -1359 | 0.85
16| - - - - - - [-418

Table3: Coil currentsno-skidcase.

6.1 No-Skid Case

Underthe No-Skid conditions,currentsaredetermineddy solvingthelinearequation(29). Thevalueof the
arbitraryparameten is choseno be the greaterof the a thatminimizes(32) or amin. Eachof the pointsin
Table 2 are considereduinderthe No-Skid conditions,andthe solutioncurrentsare summarizedn Table 3.
Examples(1.1-1.4)representhe typical solutionsto (29). Example(1.1) is found to requireenormously
high currentswhereastherpositionsarelessexpensve. It is interestingto notethatthereis no particular
propensityfor aop assolvedby (34) to turn out positive. In threeof theseexamples the arbitraryvalue of
Omin hasto beimposedfor a properlyalignedsolution.

In examples(1.5)and(1.6), the G matrix of (29) is singular Thesetwo arespecificallychoserbecause
(1.5) is a well-behared singularity and(1.6) is ill-behaved. Example(1.5) is typical of singularitiesin the
MSS thatarisefrom symmetry Thesesingularitiesoccurwhenthe seedis locatedon a planeof symmetry
andthe desireddirection of motion is alsowithin the planeof symmetry In thesecasesthe G matrix is
singular but theunachiablespacss perpendiculato all d(a) vectors,mplying (37) is uniformly satisfied
for all alpha.Thechoiceof a is againarbitrary andagoodsolutionresults.Example(1.6), however, doesnot
yield ausablesolution.When(37)is solvedfor thea thatyieldsananswerperpendiculato theunachieable
spacethata is negative — the only realizablealignmentof the b vectorwith f hasthewrongorientation.

If singularitiessuchas(1.6)werearareoccurrenceastratgly would beto simply catalogandavoid them.
However, thisis notthecase Every pointhassomedirectionsthataresingularor badlyconditionedn aMSS
with six coils. For example,considerrotationsof the desiredforce directionin (1.2). Let anglese; andes
representotationanglesaway from a nominalposition,asdetailedin Section5.3. Figure4 representshe
2-normof the coil currentsrequiredto realizea no-skidforcein the directionof (1.2) rotatedby €; ande,.
From this figure, it is evident that eventhoughthe specificdirectionconsideredn (1.2) is nonsingularand
well-behared, mary otherpossibleforce directionsproducedrom the samepoint arevery badly behared.

6.2 Limited-Skid Case

For the limited-skid case a mis-alignmeniof up to 2(° is arbitrarily deemedolerable. Underthe Limited-
Skid conditions,currentsaredeterminedy solving (44) on afine grid of perturbedseedorientationsnside
the allowable skid region. At ary particularseedorientation,the solutiononly requiresthe inversionof a
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Figure4: 2-normof coil currentsversusforce orientationfor examplel.2.

Currents A/N
# -X +X -Y +Y -Z +Z | Oopt I3
21| 1196 855 856 191 -477 -1717| O. 19.9
2.2 | -431 1068 1721 154 -778 -1671| 8.05| 19.9
23| -610 -2755 971 730 441 917 | 0.94| 8.49
2.4 3052 2709 1533 -1073 1994 1698 | 0. | 18.04
25| 669 -16 669 -16 -1360 -1360| 0.85| O0°
26| 600 1282 -574 -2089 1214 577 | 0.97| 8.9

Table4: Coil currents]imited skid case.

6 x 6 matrix. At eachorientationthe valueof the arbitraryparameten is choserno bethe greaterof the a

thatminimizes(32) or amin. The orientationwith the lowestrequiredi’i is thenchoserasthe solution. Each
of theseedocationandforcedirectionpairsin Table2 is consideredinderthe Limited-Skid conditions,and
thesolutioncurrentsaresummarizedn Table4.

In general,thereis a marked improvementin the currentlevels requiredfor a given force. For instance,
example (2.1), showvs an orderof-magnitudedecreasen the peakrequiredcurrent. The other examples
exhibit a similar improvementin performance.Only (2.5) remainsunchangedthe locally most efficient
orientationis the no-skid orientationfor this particularexample. Of specialnoteis example(2.6). In the
no-skidconfigurationno solutionexisted. With lessthan1(® of mis-alignmenthowever, this examplehasa
fairly economicakolution.

Theimprovementsn solutioneconomyrely onthefactthateconomicabrientationsareoftenquiteclose
to orientationghatareprohibitively expensveto realize.In the particularcaseof (2.1),the no-skidsolution
is quiteexpensve. In Figure5, it canbe seenthatthe no-skidorientation(at the centerof thefigure)lies very
closeto aridgeof singularities By allowing mis-alignmentanattitudeat thefar edgeof thefigureandaway
from thesingularitiess used.
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Figure5: 2-normof coil currentsversusdipole orientationfor example2.1.

Currents A/N
# -X +X -Y +Y -Z +Z Oopt €
3.1|-1832 -273 69 1116 1025 226 | 9.73 | 90.58
3.2| 135 -1442 1334 -251 -226 2290 | 9.08 | 103.6®
3.3| 362 -298 1537 -277 -953 -784 | 8.69 | 83.7®
3.4 | -1132 942 -1423 993 2210 -724 | 16.78| 57.8F
35| -31 -849 31 849 0. 0. 8.09 90°
3.6 | -459 1439 254 -297 91 -1186| 10.8 | 118.02

Table5: Coil currentsunlimitedskid case.

6.3 Unlimited-Skid Case

The dipole orientationwill how be consideredunconstrained.Insteadof simply solving linear equations,
theunconstrainedipole orientationrequiresthe solutionof (27). A Newton-Raphsoriterationstartingfrom
arandomlychosensetof currentswasusedto solve this equation. Therearetypically a finite numberof
local minima (usuallyaboutfive) to which this iterationcancorverge,sotheiterationwasrun severaltimes
to ensurea global minimum. The resultsfor this scenariocorrespondingdo the testpointsin Table2 are
summarizedn Table5.
As with the limited-skid case,the unlimited skid caseproduceda valid resultfor eachcase. The current
magnitudesareroughly equivalentto the resultsof the limited-skid case but eachexamplenow hasana of
aroundl0;to realizetheseomin of 10in thelimited skid casewould increaseherequiredcurrentmagnitudes,
possiblyconsiderably

A similar solutionto the unlimited skid casewould be obtainedby applyingthe limited-skid conditions
overe'srangingfrom —18C° to 18CP. Thevalueof anmin would againbeexplicitly chosenanoptionthatdoes
notexistin thequadratidormulation.

7 Conclusions
Threetypesof solutionhave beenpresentedor the purposeof applyingan arbitraryforce to the magnetic
dipolein a magneticstereotaxisystem.The no-skidcase assuminghattheforce anddipole momentwere

anti-parallel,requiredlarge currents.The no-skid constraintis overly restrictve andleadsto problemswith
singularitiesarisingfrom coil placement.The limited-skid case however, is ableto solve for currentsaway
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from thesingularitiesby toleratinganerrorin alignment.A largereductionin requiredcurrentsvasobsened
in the specificexamplesconsidered.Lik ewise, the unlimited skid caseallows an arbitrary degree of mis-
alignment.Currentlevelsin testexamplesvereroughlyequalto thoseof thelimited-skidcaseput thedipole
alignmentwasmuchstrongerin the unlimited skid case.

Thereare somefurther considerationgboutwhich particularsetof alignmentconstraintso implement
in aworking magneticstereotaxisystem.For usein hyperthermiareatmentgwherethereis no catheter),
the bestapproachmight beto usea sphericaleed(suchthatthereis no preferentialorientation)andchoose
forcesby eitherthelimited-skid or unlimited skid conditions.The catheteplacementmission,however, has
additionalcomplicatingfactors.For example,the cathetemay be sostiff asto preventcorrectalignmentof
the dipole with the field. Additionally, it is not guaranteedhat the skid-attitudeof a capsule-shapeseed
would remainconstantduringmotion. Contactforcesfrom the braintissuemightdeflectthe seedandchange
theresultingforcedirection.

Someof theabore limitations might be addressedvith designchangesn the MSS. For example,operat-
ing in the no-skidmodemay be possibleif the MSSwerebuilt of mary smallcoils ratherthanjust six large
coils. If thiswerethe casethe G matrix would containextra columnsandwould beinvertedusinga Moore-
Penrosgseudoirnerse[11] in (31). Thechance®f encountering pathologicakonditionthatwould reduce
therankof G to 5 wouldthenbemuchlower. Lik ewise,individual coil currentsvould go down becausghere
would be morecoils actingin concertto producetheforce.

For the casesallowing skid, a cathetettip with a universaljoint would allow an arbitrary skid without
interferencerom the catheteror from contactforces. The fabricationof sucha device might be, however, a
considerabl@roblemin itself.

Severalothertheoreticaissuesemainto be consideredn futurework. The presentvork hasconsidered
only staticforcesproducedat a pointin the helmet;the time-basegroblemof optimizing currentswith the
goalof minimizing quenctrisk hasyetto beconsideredin addition,theoptimality of the presenepproachs
only point-wise;althougheachpointon atrajectoryis optimized,it maybethattherearealternaterajectories
thataremuchcheapein the senseof transittime with adequateuenchsafetymamin.
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