
Refer to https : // www.femm.info/wiki/AxisymmetricFormulation  for nomenclature.  Copied here for 
convenience...
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In[1]:= Br = -1 / (2 Pi r d) (c1 (ϕ1 - ϕ0) + c2 (ϕ2 - ϕ0))

Out[1]= -
c1 (-ϕ0 + ϕ1) + c2 (-ϕ0 + ϕ2)

2 d π r

In[2]:= Bz = 1 / (Pi d) (b1 (ϕ1 - ϕ0) + b2 (ϕ2 - ϕ0))

Out[2]=

b1 (-ϕ0 + ϕ1) + b2 (-ϕ0 + ϕ2)

d π

In[3]:= r = Sqrt[(s1 - s0) p + (s2 - s0) q + s0];

In[4]:= dW = (1 / 2) * (Br^2 / μr + Bz^2 / μz)

Out[4]=

1

2

(b1 (-ϕ0 + ϕ1) + b2 (-ϕ0 + ϕ2))2

d2 π2 μz
+

(c1 (-ϕ0 + ϕ1) + c2 (-ϕ0 + ϕ2))2

4 d2 π2 (s0 + p (-s0 + s1) + q (-s0 + s2)) μr

We want to integrate 2 Pi r dW dr dz.  Note that dr = ds*(dr/ds) = ds*D[Sqrt[s],s] = ds/(2*Sqrt[s]) =ds/(2*r) 
so that  2 Pi r dW dr dz = Pi dW ds dz.  To integrate over p and q, turns into Pi dW d dp dq

In[5]:= X = FullSimplify[Integrate[FullSimplify[Pi dW d], {p, 0, 1 - q}]][[1]]

Out[5]=

-
4 (-1+q) (b1 (ϕ0-ϕ1)+b2 (ϕ0-ϕ2))2

μz
+

(c1 (ϕ0-ϕ1)+c2 (ϕ0-ϕ2))2 (Log[s0-q s0+q s2]-Log[s1-q s1+q s2])

(s0-s1) μr

8 d π
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In[6]:= Y = Integrate[X, {q, 0, 1}][[1]]

Out[6]=

2 (b1 (ϕ0-ϕ1)+b2 (ϕ0-ϕ2))2

μz
+

(c1 (ϕ0-ϕ1)+c2 (ϕ0-ϕ2))2 (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π

Y is an expression for the stored energy in an element.  Differentiate with respect to the nodal values of 
flux to get the element matrices

In[7]:= m = {D[Y, ϕ0], D[Y, ϕ1], D[Y, ϕ2]}

Out[7]= 
1

8 d π

4 (b1 + b2) (b1 (ϕ0 - ϕ1) + b2 (ϕ0 - ϕ2))

μz
+

(2 (c1 + c2) (c1 (ϕ0 - ϕ1) + c2 (ϕ0 - ϕ2)) (s0 (-s1 + s2) Log[s0] + s1 (s0 - s2) Log[s1] +

(-s0 + s1) s2 Log[s2])) / ((s0 - s1) (s0 - s2) (-s1 + s2) μr) ,

- 4 b1 (b1 (ϕ0-ϕ1)+b2 (ϕ0-ϕ2))

μz
-

2 c1 (c1 (ϕ0-ϕ1)+c2 (ϕ0-ϕ2)) (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,

- 4 b2 (b1 (ϕ0-ϕ1)+b2 (ϕ0-ϕ2))

μz
-

2 c2 (c1 (ϕ0-ϕ1)+c2 (ϕ0-ϕ2)) (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
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In[27]:= M = {D[m, ϕ0], D[m, ϕ1], D[m, ϕ2]}

Out[27]= 

4 (b1+b2)2

μz
+

2 (c1+c2)2 (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,

- 4 b1 (b1+b2)
μz

-
2 c1 (c1+c2) (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,

- 4 b2 (b1+b2)
μz

-
2 c2 (c1+c2) (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,


- 4 b1 (b1+b2)

μz
-

2 c1 (c1+c2) (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,

4 b12

μz
+

2 c12 (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,

4 b1 b2

μz
+

2 c1 c2 (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,


- 4 b2 (b1+b2)

μz
-

2 c2 (c1+c2) (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,

4 b1 b2

μz
+

2 c1 c2 (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π
,

4 b22

μz
+

2 c22 (s0 (-s1+s2) Log[s0]+s1 (s0-s2) Log[s1]+(-s0+s1) s2 Log[s2])

(s0-s1) (s0-s2) (-s1+s2) μr

8 d π


Split into element matrices for the r - and z - directions

In[9]:= Mz = FullSimplify[Limit[M , μr  Infinity]] /. b1 + b2  -b0;

MatrixForm[Mz]
Out[10]//MatrixForm=

b02

2 d π μz
b0 b1

2 d π μz
b0 b2

2 d π μz

b0 b1
2 d π μz

b12

2 d π μz
b1 b2

2 d π μz

b0 b2

2 d π μz

b1 b2

2 d π μz

b22

2 d π μz
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In[24]:= Mr = FullSimplify[Limit[M , μz  Infinity]] /. c1 + c2  -c0

Out[24]= 
c02 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c0 c1 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c0 c2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,


c0 c1 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c12 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c1 c2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,


c0 c2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c1 c2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c22 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

4 d π (s0 - s1) (s0 - s2) (s1 - s2) μr


However, I want to implement the code in terms of vector potential, A, for various reasons.  We can 
convert the element matrices for use with nodal values of A with the matrix T, i.e. 
{ϕ0,ϕ1,ϕ2}=T.{A0,A1,A3} where T is:

In[13]:= T = 2 Pi DiagonalMatrix[{r0, r1, r2}]

Out[13]= {{2 π r0, 0, 0}, {0, 2 π r1, 0}, {0, 0, 2 π r2}}

Z - direction element matrix for use with vector potential is :

In[14]:= Mza = T.Mz.T;

MatrixForm[Mza]
Out[15]//MatrixForm=

2 b02 π r02

d μz

2 b0 b1 π r0 r1

d μz

2 b0 b2 π r0 r2

d μz

2 b0 b1 π r0 r1

d μz

2 b12 π r12

d μz

2 b1 b2 π r1 r2

d μz

2 b0 b2 π r0 r2
d μz

2 b1 b2 π r1 r2
d μz

2 b22 π r22

d μz

R - direction element matrix for use with vector potential is :
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In[25]:= Mra = T.Mr.T

Out[25]= 
c02 π r02 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c0 c1 π r0 r1 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c0 c2 π r0 r2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,


c0 c1 π r0 r1 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c12 π r12 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c1 c2 π r1 r2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,


c0 c2 π r0 r2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c1 c2 π r1 r2 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr
,

c22 π r22 (s0 (s1 - s2) Log[s0] + s1 (-s0 + s2) Log[s1] + (s0 - s1) s2 Log[s2])

d (s0 - s1) (s0 - s2) (s1 - s2) μr


For the r-direction case, we can do a bit of extra work to define matrices when one of the nodes lies on 
r=0

In[21]:= MatrixForm[Limit[Mra, s0  0] /. r0  0]
Out[21]//MatrixForm=

0 0 0

0
c12 π r12 (Log[s1]-Log[s2])

d (s1-s2) μr

c1 c2 π r1 r2 (Log[s1]-Log[s2])

d (s1-s2) μr

0
c1 c2 π r1 r2 (Log[s1]-Log[s2])

d (s1-s2) μr

c22 π r22 (Log[s1]-Log[s2])

d (s1-s2) μr

In[22]:= MatrixForm[Limit[Mra, s1  0] /. r1  0]
Out[22]//MatrixForm=

c02 π r02 (Log[s0]-Log[s2])

d (s0-s2) μr
0

c0 c2 π r0 r2 (Log[s0]-Log[s2])

d (s0-s2) μr

0 0 0
c0 c2 π r0 r2 (Log[s0]-Log[s2])

d (s0-s2) μr
0

c22 π r22 (Log[s0]-Log[s2])

d (s0-s2) μr

In[23]:= MatrixForm[Limit[Mra, s2  0] /. r2  0]
Out[23]//MatrixForm=

c02 π r02 (Log[s0]-Log[s1])

d (s0-s1) μr

c0 c1 π r0 r1 (Log[s0]-Log[s1])

d (s0-s1) μr
0

c0 c1 π r0 r1 (Log[s0]-Log[s1])

d (s0-s1) μr

c12 π r12 (Log[s0]-Log[s1])

d (s0-s1) μr
0

0 0 0

For the two - nodes - on - zero case, the Mra matrix is all zeros--there’s no stored energy in the R direc-
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tion because Br=0
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